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PREFACE TO THE APPENDICES

The Appendices show how to do the calculations in this book. To gain
practice this can be tackled in two ways, by working through small-scale
numerical examples by hand or by using a computer package. We strongly
advise the reader to do both: to "get your hands dirty" and to acquire
some helpful computing experience before attempting analyses of larger
data sets of this kind.

The worked examples are presented in two Appendices, for an individual
brand and for multi -brand buying. In Sections A.1 to A.11 of Appendix A,
we show how to calculate the theoretical NBD /LSD repeat - buying
statistics. In $ A.12 to A.14, which are new to this edition, we comment
briefly on the appropriate tabulations of observed data. Appendix B sets
out some look -up tables of theoretical statistics of the NBD /LSD model
which remain useful even in these days of rapid computing.

In Appendix C, which again is new, the calculation of the Dirichlet
parameters is illustrated. This provides alternative predictions of single -
brand buying behaviour and, more importantly, it gives us theoretical
values for multi-brand buying. Appendix C also outlines how to tabulate
the relevant observed data, and how the results can be used to check the
assumptions of the Dirichlet model.

Another way to get a feel for the models is to run trials using a computer
package. One version of such software is available (for a small fee) on a
floppy disc designed for IBM personal computers, though it will transfer to
other personal computers and mainframe systems *. On the disc are two
programs, written in standard FORTRAN 77; one calculates all the theoreti-
cal single -brand statistics and the other is for multi -brand calculations.
There are two versions of each program, to allow the user to choose
whether to tabulate the raw data and automatically derive the NBD or
Dirichlet predictions, or merely to input some summary statistics to obtain
the theoretical predictions. Test data are given on the disc, along with some
examples of the output.

In the US, consumer panel data are available on a commercial basis from
MRCA Information Services, from IRI (Information Resources Inc.), and
from NPD (National Purchase Diary), other services are also being
developed. In Britain the main source of such data is AGB Ltd. Consumer
panels are also operated in a number of other countries in Western Europe,
The disc is being distributed by Dr M. D. Uncles at the Centre for Marketing and Com-
munication, London Business School, London NW] 4SA, England.
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Japan, etc. Most firms are prepared to release small amounts of data for
academic research. It is important when asking for data to have a sample
of continuous reporters over the whole period concerned (e.g. a year),
including non- buyers of the particular product, or at least to know approx-
imately how many there are (see A.14).



APPENDIX A

CALCULATIONS FOR AN INDIVIDUAL BRAND

A.1. Tabulations and Calculations

In this Appendix we mainly give a worked numerical example of the
mathematical calculations involved in using the NBD /LSD repeat- buying
theory. Application of the theory also involves two other things, namely
tabulation of the observed data, and a background of past experience of
similar work to help in interpreting the results. In § A.12 to A.14 we give
guidance on the tabulations.

The tabulations which are required in repeat - buying studies are in
principle quite simple. This is primarily because in studying the observed
repeat- buying of any particular brand or other type of item, only purchases
of that item are involved and purchasing of other brands can be ignored.
For the newcomer to this kind of work it is best to "get his hands dirty" by
carrying out some initial tabulations himself, so as to get the feel of the
data. Only after that should the work be delegated to a computer. The
latter is of value for extensive work on a more or less repetitive basis, but it
can take time and effort to get a sufficiently wide and flexible range of pro-
grams working; time and money can be saved if you use the programs on
our disc to gain initial experience and then adapt them for your own soft-
ware needs.

The theoretical formulae which are then needed may be tackled in one of
three ways. Firstly, using special numerical tables from which the required
answers can simply be read off (or estimated by interpolation). A number
of such tables are set out in Appendix B, although they are mainly intended
to provide a "feel" for the results, and are not always detailed enough for
routine use. Secondly, the NBD calculations can be computerised, if and
when their routine use for large data riles is required, as on our disc.
Thirdly, the theoretical formulae can be worked out by direct hand -
calculation in each particular case. This is important to do for the new-
comer who wishes to understand how the formulae work (or for those
engaged in further research into buyer behaviour). A worked example
of such calculations is now given.

281
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A.2. A Worked Example

To familiarize the calculations that are required, a worked numerical
example is given of all the theoretical calculations required in Chapter
3.

The most general theoretical formulae are the NBD ones, but for
hand calculation the LSD formulae or the simplifying approximations to
them which were set out in Chapters 4 and 8 are easier to use in those
ranges of the parameters b and w where they give virtually the same
results as the NBD. In what follows, we therefore give for each case the
NBD, the LSD and the simplified "approximate" forms of calculation.

Brand E has been chosen for the example because it is in the param-
eter range where both the LSD and the further simplifications apply, in
that they give almost the same results as the NBD. (In working through
a further numerical exercise, it may be best to choose Brand A in Chap-
ter 3 to learn to what extent the LSD results differ from the NBD ones
for high penetration levels.) In what follows some deliberate variation
has been included in the time -period chosen to illustrate the detailed
calculations, but the numerical results for all lengths of time - periods
covered in Chapter 3 are given.

A.3. The Basic NBD and LSD Parameters

In most of the calculations, the NBD parameter k (or a = nt/k) and
the LSD parameter q (or a = q /(1 q)) are required for the given time -
period. These values are obtained now for Brand E in the 4-, 12 -, 24-
and 48 -week periods covered in Chapter 3 *. They are set out in Tables
Al and A2 for ease of subsequent reference.

For the NBD parameter k, a knowledge of the penetration b and the
average buying frequency per buyer w is required as input. The observed
values for Brand E are given for various time- periods in the "observed"
columns of Tables 3.Ia and 3.2a respectively. (The values are generally
averages of several periods of the stated length, but this does not affect
the nature of the calculations here. Results for each separate quarter are
for example given in Tables 3.1 and 3.2.)

In a 1 -week period, the observed w is only 1.01 (see Table 3.2a) and no NBD or LSD can use-
fully be fitted.
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Table Al. The Calculation of the NBD Parameters k or a from b and w

Brand E
Period of Length (in v?eeka)

4 12 24 48

Given Data:
b (Table 3.1a) .04 .07 .09 .12
w (Table 3.2a) 1.6 3.0 4.9 6.8
p, - l -b .96 .93 .91 .88
m = bw .064 .21 .441 .816

Derived Statistics
c = -m /1n (p,) 1.57 2.89 4.68 6.38
a (Table B3) 1.32 5.34 12.00 19.18
k = m/a .0485 .0393 .0367 .0425

For footnote see below.

Table A2. The Calculation of the LSD Parameters q or a from w

Brand E
Period of Length (in weeks)

4 12 24 48

Given Data:
w (Table 3.2a) 1.6 3.0 4.9 6.8

Derived Statistics:
a (Table B3) 1.40 5.71 12.89 21.0
q = a /(1 +a) .584 .851 .928 .955

Note that the situation is not quite stationary (Le. the values of in and a are not quite propor-
tional to the lengths of the periods, and k is not quite constant).

One case, for the 4- weekly data, will be given in some detail; the cal-
culations for the other time- periods will be shown in summary form
only. (This form of presentation will also be followed in other sections,
where appropriate.)
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The NBD Parameter k From Tables 3.1a and 3.2a, b (the penetration
expressed as a proportion) and w (the buying frequency per buyer) for
Brand E in 4 weeks are

b =.04, w =1.6.

The proportion of non - buyers, po, is therefore given by

po= 1 b =.96,

and the mean number of purchases per sample - member, m, by

m =bw= .064 *.

To obtain the value of the NBD parameters k or a we have to solve
the equation po = (l +m /k)-k. This is usually best done (as mentioned
in §4.2) by calculating a certain quantity c = m /ln(po) from m and po,
where "ln" stands for the Natural Logarithm * *. We then use Table B2
in Appendix B to read off the corresponding value of a for the given
value of c. Thus

m .064 .064
c ln(p0) ln(.96) .0408

= 1.569.

From Table B3 (by interpolation)

and hence

a = 1.32

k = m/a = 0.0485 .

Table Al summarises this calculation for the 4-week period and the
corresponding ones for the remaining time - periods, of 12, 24 and 48
weeks.

* In practice the value of rn would usually be given by direct tabulation of the data.
*4 Appropriate values of Naperian or Natural Logarithms to base e are given in Table B3 in Ap-

pendix B.
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The LSD Parameter q. Next, we describe the estimation of the LSD
parameter q (or a = q /(1 -q)). Here only w is required as input and we
need to solve the equation w = q /(1- q)ln(1 -q). The best way is to
use Table B2 which was used in the NBD calculation above but which
also gives the value of the LSD parameter a for a given w, and hence the
LSD parameter q (as q = a /(l +a)). In the 4 -week period for Brand E, we
have (from Tables 3.2a or A2) that

w=1.6.

Using Table B2 gives

a=1.402,

and q therefore is
a _1.402_

1+a 2.402 584

Table A2 summarises this calculation and those for the other time -
periods.

A table from which the value of the LSD q can be read off directly
for a given w is given as Table B1 in Appendix B (see also Table 2.2).
Accurate interpolation for relatively high values of q is however rela-
tively difficult, and it is usually better to calculate a first, using Table
B2.

More generally, we may note that the values of b and w in the various
time- periods here are mostly in the range where the LSD theory tends
to give very similar results to the NBD (as will be illustrated by the
following sections). The NBD and the LSD versions of the parameter a
are however not identical, although Tables Al and A2 show them to be
similar.

A.4. Penetration Growth (Table 3.1a)

The theoretical norms for the change of penetration of Brand E in
various length time - periods in Table 3.1a were derived from the ob-
served results in the average 12 -week period. For the NBD, we need
to solve the equation br = 1- (1+Tm /k) -k as given in §4.4 (Table 4.10)
and in §7.5. The lengths of the other time - periods for which the pre-
dictions are made are expressed as multiples of the 12 -week period, i.e.
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by calling this the base -period with T = I. For the other periods, we
therefore have

1week; T= 1/12 =.083,

4weeks; T= 4/12 =.333,

24 weeks; T = 24/12 = 2,

48 weeks; T=48112=4.

The full NBD calculation is illustrated now for the one -week period.
Using the NBD formula br = 1 (1 +Tm /k)-k = 1 (l +Ta)-k, where
m = .2, a = 5.34, k = .0393 are the parameters obtained from the 12-
week period (Table Al), and T =.083, we have

b.083 = 1(1+.083 X 5.34)-.0393

= 1 (1.44) -.0393

=1 .986 =.014,

or just over 1% (the "Theoretical" estimate shown in the 1 -week
column of Table 3.1a). In other words, given that 7% of the sample
bought Brand E on average 3.0 times in the 12 -week period (Table Al),
the NBD estimate is that about 1.4% of the sample should buy Brand E
in the typical 1 -week period (and this compares with the observed 1-
week penetration of roughly 2 %, as was shown in Table 3.1a). This
result and these for the longer time - periods are summarised in Table A3.

The corresponding LSD formula (Table 4.10 and § 8.5) is expressed
in terms of the ratio of bT to b, the penetration in the 12 -week period
(T= 1),

bT= In(1 +(T -1)q)
b In(1 q) '

where b = .07 and q = .851, the LSD parameters in the I2 -week period
(Table A2).

The quantity ln(1 q) in this formula enters into the calculation for
periods of any length and may first be calculated:

ln(1q) = ln(.149) = 1.904.
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Table A3. The NBD Estimates of the Penetration bT from the 12-Weekly Data (T= 1)

Brand E
Period of length (in weeks)

1 4 24 48

T .083 .333 2 4
1+ Ta 1.44 2.78 11.68 22.36
(1+Ta)-k .986 .961 .908 .885
by, .014 .039 .093 .115
100 bT 1% 4% 9% 11%

Observed 100 bT 2% 4% 9% 12%

Table A4. The LSD Estimates of bT

Period of length (in weeks)
Brand E

1 4 24 48

T .083 .333 2 4
(T-1)q -.780 -.568 .851 2.553
ln(1+(T-1)q) -1.514 -.839 .615 1.268

b7Jb .205 .559 1.323 1.666
bT .014 .039 .093 .117
100 by. 1% 4% 9% 12%

Table AS. Estimates of bT from the "Approximate" Formula

Period of length (in weeks)
Brand E

1 4 24 48

.083 .333 2 4
T'Ba .13 .41 1.76 3.10

b7/b .198 .552 1.33 1.67
bT .014 .039 .093 .117
100 bT 1% 4% 9% 12%
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For a single week (T= .083), we therefore have

b.033 ln {l +(.083 -1) .85 0
b

b.083

1.904
ln(1.917X .851)

1.514 4

1.904

= .205,

= .014 or

so that

1%,

1.90

= .07 X .205

as for the NBD. The calculations are summarised in Table A4. Note
that for the 48 -week period the NBD and LSD estimates differ slightly
(.115 and .117).

Finally, we can use the approximation to the LSD formulae

br Tw
b 1 +(w- 1)T82

where w is the buying frequency in the unit period (Tables 4.10 and
§8.5). For Brand E in 12 weeks, w = 3.0, so that

br 3T
b 1+2T82

The estimate of the penetration in a single week (T = .083) is therefore

b.083 .249
b 1 +2(.083).62

.249 .249
1 +2X .13 1.26

=.198, so that

boe3= .198X.07 =.014,

the same value as given by the LSD calculation itself. Table AS sum-
marises these calculations for all the time - periods.
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A.S. The Average Frequency of Buying (Table 3.2a)

We now turn to estimating wT, the average frequency of purchase per
buyer, in time- periods of relative length T, from the b and w results in
the "unit" time- period, here 12 weeks (as given in Table 3.2a).

The NBD formula for wT is

TmwT
(1-(1+Tm/k)-k)'

where m and k are the parameters of the 12 -week period for Brand E
with

m=.21, k=.0396.

We also have m/k = a= 5.34.
To calculate the 4-week value of wT (with T = 4/12 = .333), we

therefore have

.333 x .21
ww .33333 {1-(1+.333x5.34)-0346)

.07
1- (2.778)'.0396

_ .07
039 1.8.

Note that the denominator in the last expression is the estimated value
of b,333 which can be read off from Table A3 and need not really be
recalculated. Table A6 summarises the calculations for the various
periods of time and makes use of by. from Table A3 in this way.

The LSD formula expressed as the ratio wT /w is

wT Tln(1-q)
w ln(1-q)-ln(1+(T-1)q) '

in terms of q, where q = .851 and w =. 3.0 for Brand E in 12 weeks
(T=1).
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Table A6. The NBD Estimates of the Average Purchase Frequency wT from the 12- Weekly
Data (T =1)

Brand E
Period of length (in weeks)

1 4 24 48

T
7Yn
bT
wT.

.083 .333 2.0 4.0

.017 .07 .42 .84

.014 .039 .09 .11
1.2 1.8 4.6 7.4

Observed wT 1.0 1.6 4.9 6.8

The theoretical values as estimated in Table A3.

Table A7. The LSD Estimates of wT

Brand E
Period of length (in weeks)

1 4 24 48

T
bT'b
wyjw
wT

.083 .333 2 4

.205 .559 1.323 1.666

.405 .596 1.512 2.401
1.2 1.8 4.5 7.2

Table A& Estimates of wT from the `Approximate" Formula

Brand E
1

Period of length (in weeks)

4 24 48

T
T.s2
wT

.083 .333 2 4

.13 .41 1.76 3.10
1.3 1.8 4.5 7.2
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For 4 weeks (with T = .333 again),

W .333 ín(.149)
w In(.149) ln(1 .568)

.333

.333
.559

( 1.904
\ -1.904 +.839

=.596.
We therefore have the estimates wT = 3.0 X .596 = 1.8 in 4 weeks. The
numerical value of the denominator in the expression for wT /w
(i.e. .559) need not be directly calculated if the LSD calculations for bT
have been carried out, since it is the value of b7lb in Table A4. This is
the procedure used in the summary Table A.7.

Finally we have the approximation to the LSD formula (Table 4.12)

(w7.-1)= (w -1) T.82

Substituting w = 3 and rearranging gives

wT = 1 +2T82

In 4 weeks this gives

W.333 = 1+2(.333)82

=1 +2X.406

=1.8.

The values of T82 are already available in Table A5, for the various
values of T, and Table A8 shows the approximation for all the time-
periods.

It should perhaps be stressed that the reason why the calculations
for bT (Table 3.1a) and wT (Table 3.2a) have so much in common is
that if bT is known then WT can easily be calculated from the two



292 Calculations Joran Individual Brand (App A

simple relationships

MT = Tm and wT = mTlbT.

The calculations set out here are slightly more lengthy to illustrate the
various formulae for wT explicitly.

A.6. Light and Heavy Buyers (Table 3.4)

We now describe the calculations for the theoretical frequency distri-
butions as shown in Table 3.4. Given b and w (and hence k or a) in a
given period, we can estimate how many people bought 0, 1, 2, 3 etc.
times in this period.

In the NBD, pr is the theoretical proportion of the population buying
the brand r times in the chosen time -period (see § §4.2 and 7.3). The
numerical values of pr are using the recursive formula,

Pr \1ta/\1 aarn/ Pr-1

For Brand E in 48 weeks, we have (Table Al) a = 19.18, and
m = .816.

Therefore,

Pr \20.18/ \1
19.19.18r16/

19r-1

= 0.9504 (1 9575)pr-1

The observed penetration of Brand E in 48 weeks was b = .12 (Table
3.1a or Table Al), and so po = 1 -b = .88. Using this value we can now
estimate p1, and proceed to higher values:

p1 = .9504(1-.9575) .88 = .0355,
p2 = .9504(1-.4787) .0355 = .0176,

p3 = .9504(1-.3192) .0176 = .0114,
p4 = .9504(1-.2394) .0114 = .0083,

p5 = .9504(1-.1915) .0083 = .0064,
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and so on. To estimate the cumulative "tail" for 6 or more purchases,
we have

p6+ = 1 po p1 p2 p3 p4 -p5 = .0408.

These proportions are of the population as a whole. Expressed as pr,
the proportion of buyers (i.e. the 12% of the population who bought E
in the year) who bought r times, they are

p',=100p,/12,

which is the form given in Table 3.4.
The LSD formula is of course expressed directly in p,, i.e.

,_ 1 9r
Pr ln(1 q) r

The proportion buying once is therefore

1 .955
pl ln(1q) ln(.045)

_ .3080 or 31 %.

Values for p, for r > 1 can best be calculated by the recursive formula

This gives

per = (r -1) qp,_1 /r .

p'2 = .3080 X .955/2 = .2941/2 = .15,

p'3 = .2941 X .955/3 = .2809/3 = .09,

p'4 = .2809 X .955/4 = .2683/4 = .07,

p'5 = .2683 x .955/5 = .2562/5 = .05,

ps+ = 1.31.15.09.07.05 = .33.
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Table A9 compares the observed percentages of light and heavy buyers
with these NBD and LSD norms in the form 1006

A.7. The Sales Importance of Light and Heavy Buyers (Table 3.5)

Table 3.5 shows in percentage terms what proportion of total sales
are accounted for by those consumers who make precisely r purchases
each in the analysis period. This amounts to

100 rpr /m

(or 100Nrpr /Nm for a sample of N consumers). Since r and m are given,
the theoretical values of this ratio can be simply estimated from the
NBD values of p, in §A.S, and the computational problem is almost
trivial. For example, for Brand E in the 48 -week period and for r = 2,
p2 was .176, so that the share of sales accounted for out of an m -value
of .816 (Table Al ), is

100X2X.0176 =44%.816

The other NBD values follow similarly, with the "tail" (e.g. purchases
made by buyers buying 6+ times, say) being obtained by subtraction.
The results are set out in Table A10.

In the LSD model, the results can either be obtained by the corre-
sponding calculations in terms of p; or through a special formula which
gives the answer directly (see § § 2.3, 4.4 and 8.4). Thus the proportion
of sales accounted for by buyers who make more than r purchases is

qr
The proportion of sales accounted for by those buyers who each make
exactly r purchases is therefore

qr -t _qv

Only a tabulation of qi -1 for various values of r is therefore required,
from which the required estimates can be obtained by subtracting suc-
cessive terms. This is illustrated for Brand E in Table A10, the value of
the 6+ tail being either obtained by subtraction or simply as qs.
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Table A9. The Percentage of Buyers Making 1, 2, 3, etc. Purchases in the Year

Brand E No. of Purchases in a Year

1 2 3 4 5 6+

Obs. 36 12 6 5 6 36
NBD 30 15 10 7 5 34
LSD 31 15 9 7 5 33

Table A10. LSD and NBD Estimates of the Percentage of the Annual Sales of Brand E Ac-
counted for by Buyers Making r Purchases of the Brand E

r 1 2 3 4 5 6+

LSD Estimate

S55 .912 .871 .832 .795 .759
100(ert q5% 4.5 4.3 4.1 3.9 3.7 79.5

NBD Estimate

100rpr/m% 4A 4.4 4.2 4.1 4.0 78.9

The 6+ tail is obtained by subtracting previdus terms from 1 (and equals qs for the LSD).

A.S. The Incidence of Repeat - Buyers (Table 3.6)

The commonest way of calculating the norms for repeat - buying from
one period to another is from the values of b and w (or m = bw) in the
first of the two periods. Sometimes it is also relevant to calculate the
results backwards, i.e. given the pattern of buying in the second period,
how many of the buyers should also have bought in the preceding one?
The theoretical calculations which were given in, Tables 3.6 -3.9 are
slightly different still, in that they were based on the b and w values
avenged for both periods (and averaged across all the pairs of periods
analysed). If we are dealing with a strictly stationary situation, the b
and w values are the same in all the periods and none of these variations
matters. In practice, some minor fluctuations in the b and w values
occur from period to period (as documented in Tables 3.1 and 3.2), and
in any specific problem - solving work this needs to be allowed for.

To illustrate the nature of the calculations here, we give the calcula-
tion based on the average values of b and w for all the periods of each
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length, which are given in Tables 3.la and 3.2a. (Some of the resultant
theoretical estimates therefore differ slightly from the theoretical
values given in the tables in Chapter 3, which were averages of the
separate theoretical estimates based on the values of b and w in each
individual period.) The data for the average 4 -week period are used to
illustrate the detailed calculations, for the NBD, the LSD and the
"approximate" formulae.

The NBD formula for bR , the proportion of the population who are
repeat buyers, is (Table 4.6 and § 7.6)

bR = 1 2(1 +a)-k + (1 +2a)-k.

For Brand E in 4 weeks we have a = 1.32 and k = .0485, so that

bR = 1 2(1+1.32) 0485 +(1 +2X 1.32)-0485

= 1 2 X .9599 + .9391

= .0193.

The ratio of those repeat - buying to those who bought in the first
period, bR /b, is the theoretical quantity given in Table 3.6. Thus with
b= .04 for Brand E in 4 weeks,

bR /b = .0193/.04 = .48, or 48%.

The NBD calculations are summarised in Table All.
The LSD formula is expressed directly as the ratio of repeat - buyers

to buyers in the first period,

bR /b = 1 +ln(1 +q)
ln(1 -q)

In 4 weeks for Brand E we have q= .584 (Table A2) and so

bR /b = 1
+ln(1+.584)

ín(.416)

.4600
8771 48 or 48 %.

.

The LSD calculations for all the time - periods are summarised in Table
Al2.
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Table All. The NBD Estimates of the Incidence of Repeat - Buyers

(The values of a, k and b for each period are from Table Al)

Brand E
4

Periods of length (in weeks)

12 24

1+a 2.32 634 13.00
1+2a 3.64 11.68 25.00

(1+aYk .9599 .9299 .9101
(1+2ark .9391 .9080 .8886

bR .0193 .048 .068
bR/b .48 .69 .75

Table Al2. The LSD Estimates of the Proportion of Repeat - Buyers

Brand E
4

Periods of length (in weeks)

12 24

q 384 .851 .928

]n(l+q) .460 .616 .656
1n(1-q) -.877 -1.904 -2.631
bR/b .48 .68 .75

Table A13. The "Approximate" Estimates of the Proportion of RepeasBuyer

Brand E
4

Periods of length (in weeks)

12 24

w 1.6 3.0 43
2(w-1) 1.2 4.0 7.8
2.3w-1 2.7 5.9 10.3

bR/b .45 .68 .76
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The approximate formula for the proportions of repeat buyers in
Table 4.6 and § 8.6 was

bR 2(w-1)
b 2.3w-1 '

where w is the only input required. For Brand E in the average 4 -week
period,

w=1.6
bit 2 X .6 1.2
b 2.3X1.6-1 2.68'

_ .45 or 45%.

This and the approximate calculations for the other periods are set out
in Table A13.

The observed values of bR are necessarily the same in both periods
which are being analysed (they are the same people), but the observed
bR /b ratios can vary if b varies from the 1st to the 2nd period if there
is some non - stationarity. Similarly, the theoretical values of bR or bR /b
depend on whether the input is that observed in the first or in the
second period (or an average of the two). This only matters slightly
when dealing with cases of slight non-stationarity, but becomes crucial
when using the theoretical norm to interpret major changes from one
period to the other (as for example in § § 2.4 and 6.2).

A.9. The Buying - Frequency per Repeat -Buyer (Table 3.7)

1'o illustrate the theoretical calculations of the average purchase fre-
quency for repeat - buyers, we take the average 12 -week period in Table
3.7.

The NBD formula for mR , the number of purchases made by repeat-
buyers but expressed on a per informant basis, gives

mR =m{1-(1+m/k)-k-i}

=m{1-(1+a)-k-1} .
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Table A14. The NED Estimates of mR or wR

Brand E
Periods of length (in weeks)

4 12 24

m .064 .21 .44
a 1.32 5.34 12.00

.0485 .0393 .0367
(1+a)-k-1 .4143 .1466 .0700

mR .0375 .1790 .4092

bR(T.A11) .0193 .048 .068
wR 1.9 3.7 6.0

Table A15. The LSD and "Approximate" Estimates of wR

Periods of length (in weeks)
Brand E

4 12 24

z
.584
.341

.851

.724
.928
.861

In(1-qz) -.417 -1.287 -1.973
(1-q)In(1-g=) -.173 -.192 -.142

WR 2.0 3.8 6.1

w 1.6 3.0 4.9
1.23w 2.0 3.7 6.0

If wR , the rate of repeat - buying per repeat- buyer, is wanted, this is
easily obtainable from the relationship

wR = mR /bR

the theoretical value of bR being available from Table A.11.
In 12 weeks we have m = .21, a = 5.34, k = .0393 from Table AI,

so that

and

mR = .21 {(1 - (6.34)-1.0993))

=.21 (1-.1466)=0.1790,
.179

wR .048 .7.
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Table Al4 summarises these calculations for all the time- periods.
The corresponding LSD formula for WR is

_42
WR (l-4)ln(1-42)

so that in 12 weeks, where q = .851,

.724 .724wR .149(-1.287) .192

= 3.8

Table A15 gives the calculations for 4-, 12- and 24 -week repeat - buying.
The approximate formula for wR which can be derived from the LSD is

w., = 1.23w

and the results are also set out in Table A15.
Unlike for bR , the observed values of WR can differ from the first to

the second time - periods because of any non- stationarity (even if only
slight), and the theoretical values similarly depend on which period's
observed values are used as input.

A.10. The Buying - Frequency per "New" Buyer (Table 3.8)

To illustrate the calculations for the theoretical frequency of pur-
chase of "new" or of "lapsed" buyers, we take the two 24 -week
periods.

The new buyers' purchasing frequency is given on a per informant
basis in the NBD theory, as

mmN
(1+a)e+1

In 24 weeks, m = .44, a= 12.00, k = .0367, so that

44 .44 .0308.
(13.00)1.0367 14.280
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The buying - frequency per "new" buyer is given by

wN = mN /bN

where the proportion of "new" buyers bN is given by

bN =b bR

The total penetration b of Brand E in the 24 -week periods being .09
(Table 3.2a) and the theoretical NBD value for bR at .068 being avail-
able from Table A11, we have

bN=.09.068=.022,
so that

Table A16.

wN

The NBD Estimates for mN

1.4..022
and wN

Brand E
4

Periods of length (in weeks)

12 24

m .064 .21 .44
a 1.32 5.34 12.00
k .0485 .0393 .0367
(1+a)r+k 2.417 6.818 14.280
mN .0265 .0308 .0308

bN= bbR .021 .022 .022
wN 1.3 1.4 1.4

Table A17. The ISO and Approximate Estimates for wN

Periods of length (in weeks)Brand E
4 12 24

q .584 .851 .928
+q) .460 .616 .656

wNwN 1.3 1.4 1.4

Approximate
Formula 1.4 1.4 1.4
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This and the calculations for the average 4- and 12 -week periods are
given in Table A16.

The LSD formula for wN is

4wN ln(l+q)'
and in 24 weeks, q= .928, so that

.928 .928
wN ]n(1.928) .656

1.4.

Table A17 shows the calculation of wN for the average 4- and 12 -week
periods as well as for the 24 -week period, together with the values of
the "approximate" formulae, which is simply

w., - 1.4

The latter generally holds for w > 2 and values of b not too high (see
§8.6), and here gives a fractionally different result from the LSD and
NBD in the 4 -week period, where w < 2.

The corresponding buying rates for the "lapsed" buyers (who buy in
the first but not the second period) are equal to the above, subject to
the effects of any non - stationarity, as already discussed in the previous
section.

A.11. Repeat - Buying by Light and Heavy Buyers (Table 3.10)*

In the case of the "Conditional Trend" analysis in Tables 3.10 and
3.10a, only the NBD calculations ( §7.6) need to be considered, since
the LSD theory does not lead to any effective simplification here.

Tables 3.10 and 3.10a referred specifically to the repeat - buying in
Quarters II and III, so that the NBD parameters for Quarter II are re-
quired. Their method of determination is that illustrated in §A3 at the

The theoretical calculations required for Table .49 are not discussed here as they are lace those
already given in §A7 for Table 3.6a, but as usual, care has to be taken over using the
appropriate base-period.
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beginning of the Appendix, and here only the numerical results are
quoted. For Quarter 11, b = .062 and w = 3.2 *, and this leads to
m = .198, a = 6.037, and k = .0361.

The calculations for Tables 3.10 and 3.10a use the conditional for-
mula referred to in §7.6 of Chapter 7. This gives ps ,,,, i.e. the propor-
tion of those buying r times in the first period who buy s times in the
second period,

where

PO- = (l+á )k, r(k'+s) ( á `s
r(k')r(s+1) kl +a')

k' =k +r and á = a /(1 +a).

For Table 3.10, we only require the proportion p. b, who buy at all in
the second period of those who made r purchases in the first period.
This is 1 minus poi,' the proportion not buying in the second period, i.e.

Pdr = 1 poi,

= 1-(1+á)-k

= 1 (1 +á )-(ktr)

from the above expression for p.m putting s = 0. This is easily evalu-
ated numerically once (1+a') -1 and (1+a')-k have been determined.
Thus

a = 6.037,
, 6.037

a 1+6.037 .8579,

(1 +a' )-1 = .5382,

(1 +á) -k = (1.8579) -0351

= .9781,

* These values are given to two significant figures (compared with one in Tables 3.1 and 3.2),
as the detailed calculations here are susceptible to rounding errors.
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Table A18. NBD Estimates of Repeat - Buying in the Second Period

Number of Purchases in 1st Period
Brand E Total

[App. A

r=0 r=1 r=2+

Buyers in 2nd Period

As % of 1st period buyers p fr.
As % of total sample *

Av. Purchases in 2nd Period

Per buyer of r in 1st period, m h.
Per repeat- buyer, w,,.
Per informant

2.2 47 86
1.9 1.3 3.0 * **

.031 .889 4.04
1.41 1.88 4.70
.0268 ** .0237 ** .1475 **

6.2

.198

* Prop. of 1st Period Buyers times pir.
** Numerically the same as the proportion of sample buying (ri-1) times in the 1st period

(Table A19).
* ** By subtraction.

and from this we get p b. either directly as 1 (1 +a'){(1 +á )-1 }r , or
or by the recurrence formulae (1 p.ir) = (1 p. ,,r -1) (1 +á) -1.

For Table 3.10a we need /nip., the mean of the theoretical distribu-
tion of the number of purchases in the second period conditional upon
having made r purchases in the first. This is given by

m ir = á (k+r) .

With these general expressions for pi,. and mir for any r, we can
now calculate the specific values for r= 0, 1, 2, etc.

Starting with non- buyers in the first period, i.e. r = 0, we have

and

p.10 = 1 - (1+á )-k

= 1 .9781

_ .0219 or 2.2%,

m./0 =al
= .8579 X .0361 = .0310.
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Hence the buying frequency,

m.10 .0310 _ 1.41.
.10 b.lo .0219

(This is simply wN , the buying frequency per "new buyer ", as in Table
3.8.) These values are set out in Table Al 8 for r = 0 *.

Next, for once -only buyers in the first period, i.e. r = I, we have

Hence

p,11 = 1 -(1+a')-k-1

= 1 (1 +d)-k(1-Fri)-1

= 1 .9781 X .5382

= 1 - .5264

= .474 or 47% ,

ml1 =á(k+l)

= .8579 X 1.0361 = 0.889.

=m./1_.889=1.88.
l1 b.11 .474

These values are set out in the r = 1 column in Table A18.
And so one can proceed for r = 2, r = 3, etc. In practice one will stop

at some "maximum" value of r. Beyond this we then require the repeat -
buying estimates for all buyers who bought more often than this
maximum in the first period. These theoretical values of the number of
repeat - buyers amongst the "more than r" buyers, and their average
purchase frequency in the second period, have to be found by sub-
tracting the appropriate values for r = 0, for r = 1, for r = 2, etc. from
the total number of buyers and the total number of purchases predicted
for the second period (expressing all values on a "per informant' basis
so as to avoid having explicitly to introduce the sample size). This can

* The derivation of the number of repeat - buyers as a percentage of the total sample (i.e. 1.9%
for r = 0 in Table A18) is given later in this section.
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be illustrated here in terms of the "more than once only" buyers in the
first period.

We therefore need to express the repeat buying values p.lr on a "per
informant in the total sample" basis. The proportion of informants
buying in the first period was .062 (see above) and so the proportion not
buying is .938. Under the NBD, we have worked out above that
2.2% of these non - buyers (r = 0) in the first period buy in the second
period (see p.le above). Therefore the theoretical value for the per-
centage of all informants of those who, not having bought in the rust
period, buy in the second is

.02 X .938 = .019 or 1.9%.

Further, they buy at a rate of 1.41 (wit, above), giving a theoretical
total of

(1.41 X 1.9)/100 = .0268

purchases per informant, as is shown in Table A18.
For r = 1, the percentage of households who bought once only in the

first period is first of all required. This can of course be calculated
directly from the pr formula in §A6 with r = I, but the calculation is
simplified for the present purpose by a certain feature of the NBD,
namely that the number of purchase occasions in the second period
made by those households who bought r times in the first period is
numerically the same as the sheer number of households who bought
(r +1) times in the first period! It follows that the proportion of house-
holds who bought only once in the first period is .0268 (i.e. the numeri-
cal value calculated for a quite different purpose in the preceding
paragraph). This is set out in Table A19.

Table A19. The NED Estimates of pr in the First Period

Brand E
r, the Number of Purchases

0 1 2+
Total

NBD Proportions Pr .9380 .0268 .0352 * 1.000

By subtraction from 1.
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Next, of this proportion .0268 of once -only buyers in the rust
period, 47% were expected to buy in the second period (the p.) t value
calculated above). The number of these repeat buyers on a per infor-
mant basis is therefore

.0268 x 47 = .0126 or 1.3%.

These particular repeat- buyers are expected to buy at a rate of 1.88
(w.11 above) and therefore account for

1.88 X .0126 = .0237 purchases on a per informant basis.

We can now calculate the expected proportion of buyers in the
second period who bought more than once in the first period, namely
by subtraction,

6.2- 1.9- 1.3= 3.0 %a,

where 6.2% is of course the total number of buyers in the second period
(equal to the number of buyers in the first period). The number of
purchases they are expected to make is, similarly,

.198 .0268 .0237 = .1475 per informant,
where .198 is the total number of purchases in each period per infor-
mant (as given at the beginning of this section).

By subtraction we also find that the proportion of informants who
bought more than once in the first period is

1.000 .938 .0268 = -.0352 or 3.5 %,
as shown in Table A19.

Therefore the 3.0% who are expected to buy again in the second
period represent

3.0
3.5

=86%

of the initial more - than -once buyers. The rate at which they are ex-
pected to buy in the second period is

.1475X100_49
3.0

These results are shown in the 1+ column of Table A18.
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A.12. Tabulating Sales, Penetration, and Purchase Frequency

Condensing the raw data from a consumer panel for a single brand into
the summary statistics like m, b, and w discussed so far is relatively simple
because we need only consider the data for that single brand. It involves
identifying the panel member, the brand bought on each purchase occasion
and the point in time.

As discussed in $ 1.4, all the analyses are in terms of purchase occasions,
not amounts bought or paid. (The definition of a purchase occasion may
raise problems in some data, where two separate purchases of the same
brand made at the same retail outlet in a week may not be distinguishable
from two packs of the brand being bought on the same occasion.)

The only step needed beyond simple counts concerns the penetration b of
a brand in a given time period; for this, we only count the first time a
panel- member buys the brand in the period. In the tabulations we therefore
need to allow for whether the buyer has bought that brand before in that
time- period.

Data records can be provided in one of several different ways, e.g.

(a) Ordered by panel member. Here all purchases for an individuál con-
sumer or household are shown consecutively for a time - period. This
time - period (e.g. a year) may be longer than the period we intend to
study (e.g. a particular 4 weeks).

(b) Ordered by week. All purchases by different consumers in Week 1 are
arranged in some order, then all purchases in Week 2, and so on.

(c) No apparent order.

Especially for hand tabulations it is usually easiest to aim at layout (a)
and then order by (i) brand and by (ii) time sequence within brand for each
individual. This simplifies the tabulation of penetrations.

To illustrate with a very small -scale hypothetical example, Table A20
sets out the purchases of three brands X, Y and Z over 12 weeks. The total
sample is 200 households, of whom 180 did not buy the product- category
in that 12 -week quarter.* Suppose we want to tabulate summary statistics

The example will also be used in the new Appendix C. It covers multi-brand buying and
therefore is more elaborate than the numerical example used earlier in this Appendix.
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for Brand X. We consider statistics mainly for the first 4 week period
(similar tabulations will be needed later for the other two months and for
the whole quarter), namely:

Sales, or average purchase occasions for Brand X in the period
per individual, denoted m as in the algebraic notation of the main text.
Penetration, or % buying X at least once in the period, b.
The frequency distribution of the number of purchases, p,..
The average number of purchases per buyer, w = m /b.

In doing the counts by hand, we can use five - barred "gates" (e.g. -¡}l- ),
as shown on the right of Table A20. To count "buying at least once" we
only note the first purchase by that individual in the time - period.

The tabulation shows that in Weeks 1-4, 6 buyers bought on 8 purchase
occasions (with the tally of gate counts and "totals" both summing to 8).
Hence with a sample of 200,

m = 8/200 = .04,
b = 6/200 = .03 or 3%,
w = 8/6 = 1.33.

The frequency distribution of purchases, counting the number of Os, Is, 2s,
etc out of 200 in the total column, gives

Number of Purchase Occasions in Weeks 1-4

0 1 2 3 4+
194 5 1

The figures add up to 200 and give 5 x 1 + 1 x 3 = 8 purchase oc-
casions, calculations which are essential checks on the arithmetic.

The answers for all three 4-week periods and the total 12 weeks from
Table A20 should come out to be

For Brand X 1st 4 weeks 2nd 4 weeks 3rd 4 weeks 12 weeks

Total Purchase Occasions 8 9 8 25
Total Buying at least once 6 7 7 13
m .040 .045 .040 .125
b .030 .035 .035 .065
w 1.33 1.28 1.14 1.92



Table A20. A Simplified Buying Pattern: Three Brands over 12 Weeks
(Tabulating X in weeks 1 to 4)

Purchases in Week:

Panel-
Member 1 2 3 4 5 6 7 8 9 10 11 12

Brand X in Weeks 1-4

Buying
Gate at least

Count Total once

1 X X Y X X X Y X . Y X Y
2 . . X . Z X . . . Z X X
3 . . Z . . Z . X X . Z
4 . . . Y . Y Y X .

5 Y X . . X . . . . . Y
6 X . . . . Z Z. Y . .

7 . Z X . . . . X
8 . Y . Y . . . X . .

9 Z . . . . X . Y
10 . X Y .

il . Y . X .

12 . . X
13
14
15 . Z . .

16
17
18 . Z
19 Z
20
21-200 .

II! 3 1

/ 1 t

I 1 1

I t 1

I 1 1

1 1 I

Totals 2 2 2 2 8 8 6
á
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It is easy to make mistakes and so it is once more essential to do the
following checks:

(a) The three 4 -week totals should add up, to the 12 -week total of 25,
(b) The three 4 -week ms should add up to the 12 -week m of .125,
(c) The sum of the three 4 -week bs (.100) should be greater (or possibly

equal) to the 12 -week b (.065).

If the data are almost stationary, then all the 4 -week figures will be very
similar. (The rather "low" w of 1.14 in the 3rd 4 -week period is, given the
sample size, in effect due to 1 purchase or 1 buyer. Thus 8/7 = 1.14,
whereas 9/7 = 1.29 or 8/6 = 1.33, close to the figures for the previous two
4 -week periods).

As a further example of the tabulations, the frequency distribution of
purchases of X in the whole 12 -week period, using gate - counts as an in-
termediate step, is

Number of Purchase Occasions in Weeks 1 -12

0 1 2 3 4 5 6 7 8+
441}- 111 I I
Ill

187 8 3 1 I

which correctly adds to 200 individuals again and to 25 purchases

(i.e.8x 1+3 x 2 +1 x4+1 x7=25).

A.13. Tabulating Period -by- Period Repeat - Buying

To illustrate the tabulation of the repeat- buying statistics from one
period to another equal- length period, we consider weeks 1-4 and 5 -8 from
Table A20. Table A21 shows one possible way of arranging the hand -
tabulations. (More elaborate versions are used later.) The table gives the
counts that are required for each period, care being needed again in
tabulating the penetrations (i.e. counting those who buy at least once in
both periods, or in only one or the other).
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Table A21. Repeat Buying of Brand X, Weeks 1-4 and 5-8

Panel-
member

Purchase Occasions

Counts Totals

1-4 5-8 I-4 5-8

1 III III
2 1 1

3 I
4
5 1 1

6 I
7 I
8
9 I

10 /

11
12
13
14
15

'16
17
18
19
20

I

1

Number of Purchases

All 8 9

by Repeat Buyers 5 5
by Lapsed Buyers 3
by New Buyers 4

Number of Buyers

All 6 7

Repeat Buyers 3 3
Lapsed Buyers 3
New Buyers 4
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The first two columns give the five- barred -gate counts done by hand
(which are more helpful than here when one is dealing with a larger number
of purchases in longer time - periods). They are to be filled in one row and
column at a time (í.e. period -by -period for each panel- member) from Table
A20. We then form the totals for each period, as shown in type -set form in
the last two columns, and visually differentiate repeat - buyers who bought
in each period, by encircling them by hand. We can now form various
totals for the total panel as follows, first for the number of purchases and
then for the number of buyers:

Purchases

(a) Period totals, i.e. total purchases in Weeks 1-4 (8) and Weeks 5 -8
(9).

(b) By repeat - buyers, i.e. purchases in each period by the (encircled)
buyers who bought in both (the two sets of numbers happen to be
equal, giving a total of 5 in each period).

(c) By lapsed buyers, i.e. (non - encircled) purchases in the first period
(which is 3 purchases by those who bought in that period only).

(d) By new buyers, i.e. (non - encircled) purchases in the second period.

Buyers

In the same way we can count the number of buyers (i.e. their sheer
occurrence, without taking account of how often they buy), for
(a) Each period (6 and 7),
(b) Repeat- buyers (3 and 3),
(c) Lapsed buyers (3),
(d) New buyers (4).

It is unavoidable to run down each column separately six times to per-
form these counts. (The first time round this is usually quicker than getting
a computer program to work!)

Various checks on the arithmetic can be done. Thus
The total number of purchases in each period should agree with those

recorded in Table A20 (i.e. 8 and 9).
The two entries in (a) for Weeks 1-4 and 5 -8 must each equal the sums

of (b) and (c) or of (b) and (d).
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The numbers of repeat- buyers in each of the two periods must be
equal, whereas how often they bought need not be equal.
The repeat - buying summary statistics can now be calculated with the

sample -size n = 200.

Purchase Occasions Buying at Least Once

Weeks 1-4 5 -8 Weeks 1-4 5 -8

m .040 .045 b .030 0.35
w 1.33 1.29
"Ili .025 .025 bR .015 .015
WR 1.67 1.67 bR/b 50% 43%
mL .015 by .015
wL 1.00 bN .020
mN .020 bL/b 50%
WN 1.00 bN/b 57%

To check the arithmetic, we note that
(i) m = mR + mL in Weeks 1 -4, i.e. .040 = .025 + .015, and m = mR

+ mN in Weeks 5 -8.
(ü) b = bR + by in Weeks 1- 4,i.e..030 = .015 + .015, and = bR + bN

in Weeks 5 -8.
(iii) We also have bR /b + bL/b = 100 and bR /b + bN /b = 100 in each

period.
Extensions of these tabulations, such as separate "conditional" ones for

Light, Medium or Heavy buyers (defined as desired) are straightforward in
principle. In practice, it is best to mark the panel- members rust (e.g. by L,
M and H) using their purchases in period 1, say, as the criterion, and then
run three separate sets of counts for the summary statistics at the bottom of
the table. (As a check, the three sets of figures should add up to the rele-
vant totals of the foot of Table A21). (It may reduce counting errors to
make several Xerox copies of Table A20 and block out Light, Medium or
Heavy buyers separately on each sheet.)

A.14. Continuous Reporters
The tabulations in A.12 and A.13 help to emphasise the need for basing

the analysis on "continuous reporters ", sometimes called a "static
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sample ", over the period analysed. In a diary panel, for example, it is
misleading if a panel- member is recorded as a non -buyer of brand X in
some week or weeks when in fact he or she did not return adiary that week.

Continuous reporting can be difficult to ascertain because in some panel
operations no count is kept of whether a usable diary is returned by each,
panel- member every week, or at least such data are not readily accessible.
A partial (but time- consuming) solution is to form a panel of continuous
reporters by checking whether each individual recorded any purchases in
any of the product- categories measured by the panel.

A definition of a "continuous reporter" is however somewhat fuzzy.
Absence on holiday should presumably be counted as "non- purchasing but
reporting ", if the aim is to cover "purchases at home ". But absence (or
illness) of the normal diary keeper only (with other household members
still buying and consuming at home) necessarily Introduces "errors" in the
data, hopefully minor ones.

In general, for the type of studies discussed in this book it seems better to
have a relatively small sample of "more rather than less" continuous
reporters, even if this is potentially biàsed in other statistical respects, e.g.
by age of or even by their amount of purchasing. Repeat - buying patterns
for a slightly biased sample are likely to be more valid than ones that are
wrong because of discontinuous reporting, even though the sample itself
may be more directly representative of the population at large.



APPENDIX B

SOME USEFUL TABLES

This Appendix gives some tables which tend to be useful in the
analysis of repeat- buying behaviour along the lines discussed in this
book.

Table Bl relates to the LSD and gives the value of the LSD parameter
q for a given value of w. The range of values of w is from 1.0 to 10.9 and is
therefore much more detailed than the brief extract in Table 2.2 of
Chapter 2. However, interpolation in this table (let alone extrapolation
for w > 10) is relatively difficult because many of the values of q are
close to 1. A better approach is to estimate the LSD parameter
a = q /(1 +q) from w (and then either work with a or calculate q as
a /(1 a)). A table for reading off a for a given value of w is given in
Table B3.

Table B2 essentially gives Naperian or Natural logarithms for numbers
running from 0 to 2. This is useful for computing expressions such as
]n(1 q) and In(1 +q) which appear in the LSD theory.

For convenience, the tables are given in two parts. Table B2a gives
ln(1 q) directly for values of q from .000 to .999 (the values of
ln(1 q) are always negative). This table can also be used to read off
In(1 b) for a given b, as is required for Table B3. Table B2b gives
ln(l+q) for the same range of q.

Table B3 provides a way of reading off the parameter a in either the
NBD or the LSD theory. (The two values will differ for any given data,
although only slightly if the parameters are such that the LSD is a good
approximation to the NBD.)

For the NBD, we have to calculate first the value of e = m /]n(1 b)
from the observed values of the mean in and the proportion of buyers b
(Table B2a can be used to read off ]n(1 b) for the given value of b).
We then read off the value of the NBD parameter a for the calculated
value of c from the Table B3. NBD parameter k can be calculated from
k= m /a.
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318 Some Useful Tables lApp. B

For the LSD, we can read the LSD values of a directly by entering
the table with the observed value of w (where w =mlb).
Tables B4 B7 give the NBD and LSD values of four basic repeat - buying
statistics in two equal periods under stationary conditions, as follows:
Table B4: 100bR lb, i.e. the percentage of the buyers (b) in one time -
period who buy the item again in another equal period.
Table BS: wR , the average purchase frequency per repeat -buyer in one
of the periods.
Table B6: 100bN /b, i.e. the percentage of buyers in one period who do
NOT buy the item in another equal period (where the proportion of
"lapsed" buyers is bt. = bN = 1 bR ).
Table B7: w,,,, i.e. the average purchase frequency per "new" (or per
"lapsed ") buyer in the period in which they buy at all (wA, = wt ).

Values are given for the NBD and LSD and "approximation" formu-
lae which were set out in Chapters 4, 7 and 8. In all cases, the observed
values of b and m (for the NBD) or of w (for the LSD) in one of the
two time- periods are used to enter the tables.

Only a limited range of values of b and w is covered. The tables are
mainly meant to give a feel of how repeat- buying varies numerically
with b and w, showing also how for low values of b the NBD values all
closely approximate the LSD ones. (For detailed numerical work, direct
calculation of the various statistics required rather than reading values
off from extensive tables tends to be more useful.)
Tables B8 B9 illustrate the variation with the length of analysis -period
of the penetration br and of the average purchase frequency wr in a
time -period of length T (relative to some chosen period of arbitrary
"unit" length). This has been done by showing 67 and w7 in each case as a
fraction of the value of b1 and w1 in the unit time period. To obtain
values of 100b7 and w7 simply multiply by the values of 100b1 and
w1 given in the centre columns of these tables. When interpolating in
these tables work in terms of bT /b1 and wT/w1, and only as a final
stage multiply up by the observed values of 100b1 and w1 to obtain
100bl and w7.

The last block in each table results from the LSD formulation of the
model. This is the limiting case as b tends to zero, and the two blocks
have been labelled 10061 = 0 accordingly. They may be used either to
obtain LSD values for bT/bl and wT /wl (and hence b7 and wT) when
b1 is small, or to interpolate for the NBD model in cases where the
value of 100b1 is less than 5%.

Note that NBD's do not exist for high values of b1 when w1 is low.



Table Bl. Values of q for Values of w from 1.0 to 10.9

w 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1.0 .000 .171 .298 .396 .472 .534 .584 .625 .660 .690
2.0 .715 .737 .757 .774 .789 .802 .814 .825 .834 .843
3.0 .851 .858 .865 .871 .877 .882 .887 .892 .896 .900
4.0 .903 .907 .910 .913 .916 .919 .921 .924 .926 .928
5.0 .930 .932 .934 .936 .937 .939 .940 .942 .943 .945

6.0 .946 .947 .948 .950 .951 .952 .953 .954 .955 .956
7.0 .956 .957 .958 .959 .960 .960 .961 .962 .962 .963
8.0 .964 .964 .965 .965 .966 .967 .967 .968 .968 .969
9.0 .969 .969 .970 .970 .971 .971 .972 .972 .972 .973

10.0 .973 .973 .974 .974 .974 .975 .975 .975 .976 .976

tia



Table 13.2a. Values of In(1 -q) for Values of q from .000 to .999

(In stands for the Naperlan or Natural Logarithm)

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.00 -.000 -.001 -.002 -.003 r.004 -.005 -.006 -.007 -.008 -.009
.01 -.010 -.011 -.012 -.013 -.014 -.015 -.016 -.017 -.018 -.019
.02 -.020 -.021 -.022 -.023 -.024 -.025 -.026 -.027 -.028 -.029
.03 -.030 -.031 -.033 -.034 -.035 -.036 -.037 -.038 -.039 -.040
.04 -.041 -.042 -.043 -.044 -.045 -.046 -.047 -.048 -.049 -.050

.05 -.051 -.052 -.053 -.054 -.056 -.057 -.058 -.059 -.060 -.061

.06 -.062 -.063 -.064 -.065 -.066 -.067 -.068 -.069 -.070 -.071

.07 -.073. -.074 -.075 -.076 -.077 -.078 -.079 -.080 -.081 -.082

.08 -.083 -.084 -.086 -.087 -.088 -.089 -.090 -.091 -.092 -.093
:09 -.094 -.095 -.097 -.098 -.099 -.100 -101 -.102 -.103 -.104

.10 -.105 -.106 -.108 -.109 -.110 -.111 -.112 -.113 -.114 -.115

.11 -117 -118 -119 -.120 -.121 -.122 -.123 -.124 -.126 -.127

.12 -128 -129 -130 -131 -.132 =.134 -135 -.136 -137 -.138
13 -.139 -140 -142 -143 -.144 -.145 -.146 -147 -.149 -.150
.14 -.151 -.152 -.153 -.154 -.155 -157 -.158 -159 -.160 -361

.15 -.163 -.164 -.165 -166 -.167 -168 -.170 -.171 -172 -.173

.16 -.174 -.176 -.177 -178 -.179 -.180 -182 -183 -.184 -185

.17 -.186 -.188 -.189 -190 -191 -192 -194 -195 -196 -197

.18 -198 -.200 -.201 -202 -.203 -205 -.206 -.207 -208 -.209

.19 -.211 -.212 -.213 -.214 -.216 -.217 -.218 -.219 -.221 -.222

.20 -.223 -.224 -.226 -.227 -.228 -.229 -.231 -.232 -.233 -.234
.21 -236 -237 -.238 -.240 -.241 -.242 -.243 -.245 -.246 -.247
.22 -.248 -.250 -.251 -.252 -.254 -.255 -.256 -.257 -.259 -.260
.23 -2.61 -.263 -.264 -.265 -.267 -.268 -.269 -.271 -.272 -.273
.24 -274 -276 -277 -278 -.280 -281 -282 -284 -.285 -.286



Table B2a continued: N(1-q)

`
q .000 .001 .002 .003 .004 .005 .006 007 .008 .009

.25 -.288 -.289 -.290 -.292 -.293 -.294 -.296 -.297 -.298. -.300

.26 -.301 -.302 -.304 -.305 -.307 -.308 -.309 -.311 -.312 -.313

.27 -.315 -.316 -.317 -.319 -.320 -.322 -.323 -.324 -.326 -.327

.28 -.329 =.330 -.331 -.333 -.334 -.335 -.337 -.338 -.340 -.341
.29 =.343 -.344 -.345 -.347 -.348 -.350 -.351 -.352 -.354 -.355

$
.30 -.357 -.358 .360 -.361 -.362 -.364 -.365 -.367 -.368 -.370 3
.31 -.371 -.373 -.374 -.375 -.377 -.378 -.380 -.381 -.383 -.384 ..
.32 -.386 -.387 -.389 -.390 -.392 -.393 -.395 -.396 -.398 -.399 .
.33 -.401 -.402 -.403 -.405 -.406 -.408 -.409 -.411 -.413 -.414

1,-.416 -.417 -.419 -.420 -.422 -.423 -.425 -.426 -.428 -.429 '.34 C
.35 -.431 -.432 -.434 -.435 -.437 -.439 -.440 -.442 -.443 -.445
.36 -.446 -.448 -.449 -.451 -.453 -.454 -.456 -.457 -.459 -.460 ti
.37 -.462 -.464 -.465 -.467 -.468 -.470 -.472 -.473 -.475 -.476 c
.38 -.478 -.480 -.481 -.483 -.485 -.486 -.488 -.489 -.491 -.493 á
.39 -.494 -.496 -.498 -.499 -.501 -.503 -.504 -.506 -.508 -.509 3ó0
.40 -.511 -.513 -.514 -516 -.518 -.519 -.521 -.523 -.524 -.526 o
Al -.528 -.529 -.531 -.533 -.534 -536 -538 -.540 -.541 -.543 °
.42 -.545 -.546 -.548 -.550 -.552 -.553 -.555 -557 -.559 -.560 e
.43 -.562 -.564 -566 -.567 -.569 -571 -573 -575 -.576 -.578 NO

.44 -.580 -.582 -583 -385 -587 -.589 -591 -592 -.594 -596

.45 -.598 -.600 -.602 -.603 -.605 -.607 -.609 -.611 -.613 -.614

.46 -.616 -.618 -.620 -.622 -.624 -.626 -.627 -.629 -.631 -.633
.47 -.635 -.637 -.639 -.641 -.642 -.644 -.646 -.648 -.650 -.652
.48 -.654 -.656 -.658 6-.660 -.662 -.664 -.666 -.668 -.669 -.671
.49 -.673 -.675 -.677 -.679 -.681 -.683 -.685 -.687 -.689 -.691



Table B2a continued: In(1 -q)

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.50 .693 - .695 - .697 .699 - .701 .703 .705 - .707 .709 .711

.51 .713 .715 - .717 -. .720 .722 .724 .726 - .728 .730 - .732
S2 - .734 - .736 .738 - .740 .742 - .744 - .747 .749 .751 .753
.53 .755 .757 - .759 .761 .764 - .766 .768 - .770 - .772 .774
.54 .777 - .779 .781 ..783 .785 .788 .790 .792 .794 - .796

.55 - .799 .801 .803 - .805 .807 - .810 .812 .814 .817 .819

.56 .821 .823 - .826 .828 - .830 - .832 .835 - .837 .839 .842

.57 - .844 .846 .849 .851 .853 .856 - .858 .860 - .863 - .865

.58 .868 .870 .872 - .875 .877 - .880 .882 .884 - .887 .889

.59 - .892 .894 .897 - .899 .901 .904 .906 .909 - .911 .914

.60 - .916 - .919 .921 .924 - S26 .929 - .931 .934 - .937 .939

.61 .942 - .944 - .947 .949 - .952 .955 .957 - .960 .962 - .965

.62 .968 - .970 .973 .976 .978 .981 - .984 .986 - .989 .992

.63 - .994 .997 -1.000 -1.002 -1.005 -1.008 -1.011 -1.013 -1.016 -1.019
.64 -1.022 -1.025 -1.027 -1.030 -1.033 -1.036 -1.039 -1.041 -1.044 -1.047

.65 -1.050 -1.053 -1.056 -1.059 -1.061 -1.064 -1.067 -1.070 -1.073 -1.076

.66 -1.079 -1.082 -1.085 -1.088 -1.091 -1.094 -1.097 -1.100 -1.103 -1.106
.67 -1.109 -1.112 -1.115 -1.118 -1.121 -1.124 -1.127 -1.130 -1.133 -1.136
.68 -1.140 -1.143 -1.146 -1.149 -1.152 -1.155 -1.158 -1.162 -1.165 -1.168
.69 -1.171 -1.175 -1.178 -1.181 -1.184 -1.188 -1.191 -1.194 -1.197 -1.201

.70 -1.204 -1.207 -1.211 -1.214 -1.218 -1.221 -1.224 -1.228 -1.231 -1.235
.71 -1.238 -1.241 -1.245 -1.248 -1.252 -1.255 -1.259 -1.262 -1.266 -1.270
.72 -1.273 -1.277 -1.280 -1.284 -1.287 -1.291 -1.295 -1.298 -1.302 -1.306
.73 -1.309 -1.313 -1.317 -1.321 -1.324 -1.328 -1.332 -1.336 -1.340 -1.343
.74 -1.347 -1.351 -1.355 -1.359 -1.363 -1.367 -1.371 -1.375 -1.378 -1.382



Table B2a continued: In(1 -q)

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.75 -1.386 -1390 -1.394 -1.399 -1.403 -1.407 -1.411 -1.415 -1.419 -1.423

.76 -1.427 -1.431 -1.436 -1.440 -1.444 -1.448 -1.453 -1.457 -1.461 -1.465

.77 -1.470 -1.474 -1.479 -1.483 -1.487 -1.492 -1.496 -1.501 -1.505 -1.510

.78 -1.514 -1.519 -1.523 -1.528 -1333 -1.537 -1.542 -1.547 -1.551 -1356
.79 -1.561 -1.566 -1.570 -1.575 -1.580 -1.585 -1.590 -1.595 -1.600 -1.605

.80 -1.610 -1.615 -1.620 -1.625 -1.630 -1.635 -1.640 -L645 -1.650 -1.656

.81 -1.661 -1.666 -1.672 -1.677 -1.682 -1.688 -1.693 -1.698 -1.704 -1.709

.82 -1.716 -1.721 -1.726 -1.732 -1.737 -1.743 -1.749 -1.755 -1.760 -1.766

.83 -1.772 -1.778 -1.784 -1.790 -1.796 -1.802 -1.808 -1.814 -1.820 -1.827

.84 -1.833 -1.839 -1.845 -1.852 -1.858 -1.865 -1.871 -1.878 -1.884 -1.891

.85 -1.897 -1.904 -1.911 -1.918 -1.924 -1.931 -1.938 -1.945 -1.952 -1.959.

.86 -1.966 -1.974 -1.981 -1.988 -1.995 -2.003 -2.010 -2.018 -2.025 -2.033

.87 -2.041 -2.048 -2.056 -2.064 -2.072 -2.080 -2.088 -2.096 -2.104 -2.112

.88 -2.121 -2.129 -2.137 -2.146 -2.155 -2.163 -2.172 -2.181 -2.190 -2.199
.89 -2.208 -2.217 -2.226 -2.235 -2.245 -2.254 -2.264 -2.273 -2.283 -2.293

.90 -2.303 -2.313 -2.323 -2.333 -2.344 -2.354 -2.365 -2.376 -2.386 -2,397

.91 -2.408 -2.420 -2.431 -2.442 -2.454 -2.466 -2.477 -2.489 -2.502 -2.514

.92 -2.526 -2.539 -2.552 -2.565 -2.578 -2.591 -2.604 -2.618 -2.632 -2.646

.93 -2.660 - 2.674 -2.689 -2.704 -2.719 -2.734 -2.750 -2.765 -2.781 -2.798

.94 -2.814 -2.831 -2.848 -2.865 -2.883 -2.901 -2.920 -2.938 -2.957 -2.977

.95 -2.997 -3.017 -3.037 -3.059 -3.080 -3.102 -3.125 -3.148 -3.171 =3.195

.96 -3.220 -3.245 -3.271 -3.298 -3.325 -3.354 -3.383 -3.413 -3.443 -3.475

.97 -3.508 -3.540 -3.577 -3.614 -3.651 -3.691 -3.732 -3.774 -3.819 -3.865

.98 -3.912 -3.963 -4.017 -4.075 -4.135 -4.200 -4.269 -4.343 -4.423 -4.510

.99 -4.605 -4.711 -4.828 -4.962 -5.116 -5.298 -5.521 -5.809 -6.215 -6.908

:y
Le

twv



Table 826. Values of Intl +q) for Values of q from .000 to .999

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.00 .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.01 .010 .011 .012 .013 .014 .015 .016 .017 .018 .019

.02 .020 .021 .022 .023 .024 .025 .026 .027 .028 .029

.03 .030 .031 .031 .032 .033 .034 .035 .036 .037 .038.

.04 .039 .040 .041 .042 .043 .044 .045 .046 .047 .048

.05 .049 .050 .051 .052 .053 .054 .054 .055 .056 .057

.06 .058 .059 .060 .061 .062 .063 .064 .065 .066 .067

.07

.08
.068
.077

.069

.078
.069
.079

.070

.080
.071
.081

.072

.082
.073
.082

.074

.083
.075
.084

.076

.085 ó
.09 .086 .087 .088 .089 .090 .091 .092 .093 .093 .094

.10 .095 .096 .097 .098 .099 ,100 .101 .102 .103 .103 yc'
.11
.12

.104

.113
.105
.114

.106
.115

.107

.116
.108
.117

.109

.118
.110
.119

.111
.119

.111

.120
.112
.121 S.4

.13 .122 .123 .124 .125 .126 .127 .127 .128 .129 .130

.14 .131 .132 .133 .134 .134 .135 .136 .137 .138 .139

.15 .140 .141 .141 .142 .143 .144 .145 .146 .147 .147

.16 .148 .149 .150 .151 .152 ,153 .154 .154 .155 .156

.17 .157 .158 .159 .159 .160 .161 .162 .163 .164 .165

.18 .165 .166 .167 .168 .169 .170 .171 .171 .172 .173

.19 .174 .175 .176 .176 .177 .178 .179 .180 .181 .181

.20 .182 .183 .184 .185 .186 .186 .187 .188 .189 .190

.21 .191 .191 .192 .193 .194 .195 .195 .196 .197 .198

.22 .199 .200 .200 .201 .202 .203 .204 .204 .205 .206 y

.23 .207 108 .209 .209 .210 .211 .212 .213 .213 .214 ap

.24 .215 .216 .217 .217 .218 .219 .220 .221 .221 .222 bo



Table B 2b continued: ln( 1+q)

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.25 .223 .224 .225 .225 .226 .227 .228 .229 .229 .230

.26 .231 .232 .233 .233 .234 .235 .236 .237 .237 .238

.27 .239 .240 .240 .241 .242 .243 .244 .244 .245 .246

.28 .247 .248 .248 .249 .250 .251 .251 .252 .253 .254

.29 .255 .255 .256 .257 .258 .258 .259 .260 .261 .261

.30 .262 .263 .264 .265 .265 .266 .267 .268 .268 .269

.31 .270 .271 .271 .272 .273 .274 .274 .275 .276 .277

.32 .277 .278 .279 .280 .281 .281 .282 .283 .284 .284

.33 .285 .286 .287 .287 .288 .289 .290 .290 .291 .292

.34 .293 .293 .294 .295 .296 .296 .297 .298 .298 .299

.35 .300 .301 .301 .302 .303 .304 .304 .305 .306 .307

.36 .307 .308 .309 .310 .310 .311 .312 .312 .313 .314

.37 .315 .315 .316 .317 .318 .318 .319 .320 .320 .321

.38 .322 .323 .323 .324 .325 .326 .326 .327 .328 .328

.39 .329 .330 .331 .331 .332 .333 .333 .334 .335 .336

.40 .336 .337 .338 .338 .339 .340 .341 .341 .342 .343

.41 .343 .344 .345 .346 .346 .347 .348 .348 .349 .350

.42 .350 .351 .352 .353 .353 .354 .355 .355 356 .357

.43 .358 .358 .359 .360 .360 .361 .362 .362 .363 .364

.44 .364 .365 .366 .367 .367 .368 .369 269 .370 .371

.45 .371 .372 .373 .373 .374 .375 .376 .376 .377 .378

.46 .378 .379 .380 .380 .381 .382 .382 .383 .384 .384

.47 .385 .386 .386 .387 .388 .388 .389 .390 .391 .391

.48 .392 .393 .393 .394 .395 .395 .396 .397 .397 .398

.49 .399 .399 .400 .401 .401 .402 .403 .403 .404 .405
u
Ñ



Table B2b continued: In(l+q)

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.50 .405 .406 .407 .407 .408 .409 .409 .410 .411 .411

.51 .412 .413 .413 .414 .415 .415 .416 .417 .417 .418

.52 .419 .419 .420 .420 .421 .422 .422 .423 .424 .424

.53 .425 .426 .426 .427 .428 A28 .429 .430 .430 .431

.54 .432 .432 .433 .434 .434 .435 .435 .436 .437 .437

.55 .438 .439 .439 .440 .441 .441 .442 443 .443 .444
.56 .444 .445 .446 A46 .447 .448 .448 .449 .450 450
.57 .451 :452 .452 .453 .453 .454 .455 .455 .456 .457
.58 .457 .458 .458 .459 .460 .460 .461 A62 .462 463
.59 .464 .464 .465 .465 .466 .467 .467 .468 .469 .469

.60 . .470 .470 .471 .472 .472 .473 .474 .474 .475 .475

.61 .476 .477 .477 .478 .479 .479 A80 .480 .481 .482

.62 .482 .483 .483 .484 .485 .485 .486 .487 .487 .488

.63 .488 .489 .490 .490 .491 .491 .492 .493 .493 .494

.64 .494 .495 .496 .496 .497 .498 .498 .499 .499 .500

.65 .501 .501 .502 .502 .503 .504 .504 .505 .505 .506

.66 .507 .507 .508 .508 .509 .510 .510 .511 .511 .512

.67 .513 .513 .514 .514 .515 .516 .516 .517 .517 .518

.68 .519 .519 .520 .520 .521 .522 .522 .523 .523 .524

.69 .525 .525 .526 '.526 .527 .527 .528 .529 .529 .530

.70 .530 .531 .532 .532 .533 .533 .534 .535 .535 .536

.71 .536 .537 .537 .538 .539 .539 .540 .540 .541 .542

.72 .542 .543 .543 .544 .544 .545 .546 .546 .547 .547

.73 .548 .548 .549 .550 .550 .551 .551 .552 .553 .553

.74 .554 .554 .555 .555 .556 .557 .557 .558 .558 .559



Table B2b continued: In(1+q) y
4Nv

q .000 .001 .002 .003 .004 .005 .006 .007 .008 .009

.75 .559 .560 .561 .561 .562 .562 .563 .563 .564 .565

.76 .565 .566 .566 .567 .567 .568 .568 .569 .570 .570

.77 .571 .571 .572 .572 .573 .574 .574 .575 .575 .576

.78 .576 .577 377 .578 .579 .579 .580 .580 .581 .581 ç

.79 .582 .583 .583 .584 .584 .585 .585 .586 .586 .587 mb
o

.80 .588 .588 .589 .589 390 .590 .591 .591 .592 .593 ''

.81 .593 .594 .594 .595 .595 .596 .596 .597 .597 .598 ,'

.82 .599 .599 .600 .600 .601 .601 .602 .602 .603 .604 ,`

.83 .604 .605 .605 .606 .606 .607 .607 .608 .608 .609 ,

.84 .610 .610 .611 .611 .612 .612 .613 .613 .614 .614

.85 .615 £15 .616 .617 .617 .618 .618 .619 ..619 .620 á.86 .620 .621 .621 .622 .622 .623 .624 .624 .625 .625 ..87 .626 .626 .627 .627 .628 .628 .629 .629 .630 .630 a

.88 .631 .632 .632 .633 .633 .634 .634 .635 .635 .636

.89 .636 .637 .637 .638 £38 .639 .639 .640 .641 .641 3
ó

.90 .642 .642 .643 .643 .644 .644 :645 .645 .646 .646 8

.91 .647 .647 .648 .648 .649 .649 .650 .650 .651 .652 c

.92 £52 .653 .653 .654 .654 .655 .655 .656 .656 .657 ñ

.93 .657 .658 .658 .659 .659 .660 .660 .661 .661 .662 e

.94 .662 .663 .663 .664 .664 .665 .666 .666 .667 .667

.95 .668 .668 .669 £69 .670 .670 .671 .671 .672 .672

.96 .673 .673 .674 .674 .675 .675 .676 .676 .677 .677

.97 .678 .678 .679 .679 .680 .680 .681 .681 .682 .682

.98 .683 .683 .684 .684 .685 .685 .686 .686 .687 .687

.99 .688 .688 .689 .689 .690 .690 .691 .691 £92 .692



Table B3. Values of the NBD and LSD Parameters a (Adapted from Chatfield (1969] )

NBD: Values of a = m/k for various values of c = -m/ln po =
LSD: Values of a = q /(1+q) for various values of w.

Values of c for the NBD or w for the LSD

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1 0.00 0.21 0.43 0.66 0.89 1.14 1.40 1.67 1.94 2.22
2 2.51 2.81 3.11 3.42 3.73 4.05 4.37 4.70 5.03. 5.37
3 5.71 6.06 6.41 6.76 7.12 7.48 7.85 8.22 8.59 8.97
4 9.35 9.73 10.11 10.50 10.89 11.29 11.69 12.09 12.49 12.89
5 13.30 13.71 14.13 14.54 14.96 15.38 15.80 16.22 16.65 17.08
6 17.51 17.94 18.38 18.81 19.25 19.69 20.14 20.58 21.03 21.48
7 21.93 22.38 22.83 23.29 23.74 24.20 24.66 25.12 25.59 26.05
8 26.52 26.99 27.46 27.93 28.40 28.87 29.35 29.83 30.30 30.79
9 31.27 31.75 32.23 32.72 33.20 33.69 34.18 34.67 35.16 35.65

10 36.15 36.64 37.14 37.64 38.14 38.64 39.14 39.64 40.14 40.65
11 41.15 41.66 42.17 42.68 43.19 43.70 44.21 44.73 45.24 45.75
12 46.27 46.79 47.31 47.82 48.35 48.87 49.39 49.91 50.44 50.96
13 51.49 52.01 52.54 53.07 53.60 54.13 54.66 55.19 55.73 56.26
14 56.80 57.33 57.87 58.41 58.95 59.48 60.02 6057 61.11 61.65
15 62.19 62.74 63.28 63.83 64.37 64.92 65.47 66.02 66.57 67.12
16 67.67 68.22 68.77 69.33 69.88 70.43 70.99 71.54 72.10. 72.66
17 73.22 73.78 74.34 74.90 75.46 76.02 76.58 77.15 77.71 78.27
18 78.86 79.40 79.97 80.54 81.11 81.67 82.24 82.81 83.38 83.95
19 84.53 86.10 85.67 86.24 86.82 87.39 87.97 88.54 89.12 89.70

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

20 90.3 96.1 101.9 107.9 113.8 119.9 125.9 132.1 138.2 144.4
30 150.6 156.9 163.2 169.6 176.0 182.4 188.9 195.4 201.9 . 208.4
40 215.0 221.6 228.3 234.9 241.6 248.4 255.1 261.9 268.7 275.5
50 282.3 289.2 296.1 303.0 309.9 316.9 323.9 330.9 337.9 344.9
60 352.0 359.1 366.2 373.3 380.4 387.6 394.7 401.9 409.1 416.3

m
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Table B4. NBD and LSD Values of the Percentage of Buyers of an Item In one Period who
Buy it again in Another Period. of Equal Length

(For various values of b and w', as in Table 4.15)

Average Purchase Frequency per Buyer, w
100bR/b

1.1 1.3 1.5 2 3 5 10 20

NBD, for Proportions
of Buyers, b =

.8 85 89 92 93

.6 70 78 84 88 90

.4 42 52 64 74 80 85 88

.2 37 47 60 70 77 83 86

.1 17 35 45 58 69 76 82 85
.05 16 34 45 58 68 76 82 85

LSD: Exact 16 34 44 57 68 75 81 85
Approximate 13 30 41 56 68 76 82 84

e Data for which w < - {ln(1 -b) }1b cannot be fitted by an NBD.

Table B5. NBD and LSD Values of the Average Frequency of Purchase in a Period per
Repeat -Buyer in an Equal Period

Average Purchase Frequency per Buyer, w
wR

1.1 1.3 15 2 3 5 10 20

NBD, for Proportions
of Buyers, b

.8 3.2 5.4 11 21

.6 2.2 3.4 5.7 II 22

.4 1.3 1.6 2.3 35 5.9 11 23

.2 1.4 1.7 2.4 3.7 6.0 12 23

.1 1.1 1.5 1.8 2.5 3.7 6.1 12 23

.05 1.2 1.5 1.8 2.5 3.8 6.1 12 23

LSD: Exact 1.2 1.5 1.8 2.5 3.8 6.2 12 23
Approximate 1.4 1.6 1.9 2.5 3.7 6.2 12 25
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Table B6. NBD and LSD Values of the Percentage of Buyers of an Item in one Period who
do NOT buy it in Another Equal Period

(100 810 = 100bL /b = 100 - bR /b from Table 134)

100b4y /b
Average Purchase Frequency per Buyer, w

1.1 1.3 1.5 2 3 5 10 20

NBD, for Proportions
of Buyers, b =

.8 15 11 8 7

.6 30 22 16 12 10

.4 58 48 36 26 20 15 12

.2 63 53 40 30 23 17 14

.1 83 65 55 42 31 24 18 15

.05 84 66. 55 42 32 24 18 15

LSD: Exact 84 66 56 43 32 25 19 15
Approximate 87 70 59 44 32 24 18 16

Table B7. NBD and LSD Values of the Average Frequency of Purchase per "New" or
"Lapsed" Buyer

(wN = wL)

Average Purchase Frequency per Buyer, w
wN

1.1 1.3 1.5 2 3 5 10 20

NBD, for Proportions
of Buyers, b =

.8 1.9 1.8 1.7 1.7

.6 . 1.6 1.6 1.6 1.6 1.6

.4 1.3 1.4 1.4 1.5 1.5 1.5 1.5

.2 1.2 1.3 1.4 1.4 1.5 1.5 15

.1 1.1 1.2 1.3 1.4 1.4 1.4 1.5 1.5

.05 1.1 1.2 1.3 1.4 1.4 1.4 1.4 1.4

LSD: Exact 1.1 1.2 1.3 1.3 1.4 1.4 1.4 1.4
Approximate 1.4 1.4 1.4 1.4 1.4 1.4 1.4 1.4



Table B8. Penetration Growth

(NBD and LSD values of bTlb1 in time periods of relative lengths T, for different values of 10061 and w1 m
in a time -period of unit length, i.e. T=1)

T: Length of Time - Period as a Fraction of Base Period (T =1)

b7/bl b /b1 bi/6l b#/b1 601
1

10061

2

b2/bt

3

b3/61

4

b4/61

12

b12/61

100b1 = 80

w1 = 20 .58 .80 .85 .91 80 1.07 1.10 1.11 1.17
= 30 .45 .73 .80 .88 80 1.08 1.12 1.14 1.19 Á= 5 .31 .63 .71 .83 80 1.11 1.15 1.18 1.22
= 3 .22 .51 .62 .77 80 1.15 1.20 1.22 I.2S ç

100b1 = 60 a

wit = 20 .53 .76 .81 .89 60 1.10 1.15 1.18 1.29 53

= 10 .43 .69 .76 .86 60 1.12 1.18 1.22 1.35 s
= 5 .30 .59 .68 .80 60 1.16 1.24 1.29 1.44
= 3 .21 .49 .59 .74 60 1.22 1.32 1.38 1.54
= 2 .15 .40 .50 .67 60 1.30 1.43 1.50 1.63

100b1 =40
w1 = 20 .51 .73 .79 .87 40 1.12 1.19 1.23 1.39

= 10 .41 .67 .74 .84 40 1.15 1.23 1.29 1.48
= 8 .29 .58 .66 .79 40 1.20 1.31 1.38 1.62
= 3 .21 .48 .58 .73 40 1.26 1.41 1.50 1á0
= 2 .15 .40 .50 .66 40 1.36 1.56 1.68 2.05
= 1.5 .12 .33 .43 .60 40 1.48 1.76 1.93 2.34
= 1.3 .11 .30 .40 .57 40 1.58 1.93 2.14 2.49



Table BB continued

r Length of Time-Period as a Fraction of Base Period (T= I)

bT/bl bi/bl b/bl bi/bl bbl 10061

2

62161

3

63/61

4

bilb1

12

612/b1

100b1 = 20

w1 = 20 .49 .72 .77 .86 20 1.14 1.22 1.27 1.47
= 10 .39 .65 .72 .83 20 1.17 1.27 131 1.58
= 5 .29 .56 .65 .77 20 1.23 1.36 1.45 1.77 n= 3 .21 .47 .57 .72 20 1.30 1.47 1.59 2.03

ta= 2 .15 .39 .49 .65 20 1.40 1.64 1:81 2.42 `2'
= L5 .12 .33 .43 .60 20 1.53 1.87 2.12 2.99
= 1.3 .11 .30 .39 .56. 20 1.63 2.07 2.39 3.54

F,
100b1 = 10

w1 = 20 .48 .71 .77 .85 10 1.15 1.23 1.29 1.51
= 10 .39 .64 .72 .82 10 1.18 1.28 1.36 1.63
= 5 .28 .56 .64 .77 10 124 1.38 1.47 1.84
= 3 .21 .47 .56 .71 10 1.31 1.50 1.63 2.13

= 2 .15 .39 .49 .65 10 1.42 1.68 1.86 2.59
= 1.5 .12 .33 .42 .59 10 135 1.91 2.19 3.28
= 1.3 .11 .30 .39 .56 10 1.65 2.12 2.48 3.96
= 1.1 .09 .27 .35 .52 10 1.83 2.53 3.13 532



Table B8 continued

bT/bl

F

b1 /b1

T: Length of Time -Period as a Fraction of Base Period (T=1)

4 } 4 1 2 3 4

b+ /b1 be /b1 bi /b1 10061 b2/bi b3 /b1 64/61

12

b1 lbi

100b1 = 5

w1 = 20 .48 .70 .76 .85 5 1.15 1.24 1.30 1.53
= 10 .39 .64 .71 .82 5 1.18 1.29 1.37 1.66
= S .28 .55 .64 .77 5 1.24 1.39 1.49 1.88

3 .21 .47 .56 .71 5 1.32 131 1.65 2.18 ñ
C

2 .15 .39 .49 .65 5 1.42 1.69 1.89 2.66
= 1.5 .12 .33 .42 .59 5 1.55 1.93 2.22 3.40 a
= 1.3 .11 .30 .39 .56 S 1.66 2.14 2.52 4.15 3
= 1.1 .09 5 1.84 2.55 3.17 6.31 Ñ.27 .35 .52 :

100b1 = 0
(LSD)

w1= 20 .47 .70 .76 .85 0 1.15 1.24 1.31 1.55
= 10 .38 .64 .71 .82 0 1.19 1.30 1.38 1.68
= 5 .28 .55 .64 .76 0 1.25 1.40 1.50 1.91
= 3 .20 .47 .56 .71 0 1.32 1.52 1.67 2.23

= 2 .15 .39 .48 .65 0 1.43 1.71 1.91 2.74
= 1.5 .12 .33 .42 .59 0 1.56 1.95 2.25 3.53
= 1.3 .11 .30 .39 .56 0 1.66 2.16 2.55 4.33
= 1.1 .09 .27 .35 .52 0 1.84 2.57 3.21 6.63



Table 89. The Average Purchase Frequency in Periods of Different Lengths

(NBD and LSD values of wT/wl in time-periods of relative lengths T, for different values of 100b1 and w1
in a time-period of "unit" length, Le. T =1)

T: Length of Time Period as a Fraction of Base Period (T=1)

wy/w1

13

w,r/w1

}
w/w1

}
w;/w1

z

w3/w1

1

w1

2

w2/w1

3

w3/w1

4

w4/wl

12

w12/w1

1001,1 = 80

.14 .31 .39 35 20 1.88 2.74 3.59 10.29

.18 .34 .42 .57 10 1.85 2.68 331 10.06 ó

.27 .40 .47 .60 5 1.80 2.60 3.40 9.80

.38 .49 .54 .65 3 1.74 231 3.29 9.63

`ís100b1 = 60

.16 .33 .41 .56 20 1.82 2.61 3.39 9.31 C

.20 .36 .44 .58 10 1.78 234 3.27 8.91

.28 .42 .49 .62 5 1.72 2.41 3.10 8.36

.39 .51 .56 .67 3 1.64 2.27 2.89 7.82

.54 .62 .66 .74 2 134 2.09 2.66 7.35

100b1 =40
.16 .34 .42 37 20 1.79 233 3.25 8.64
.20 .37 .45 .60 10 1.74 2.44 3.11 8.13
.29 .43 .50 .63 5 1.67 2.30 2.90 7.42
.40 .52 .58 .69 3 138 2.13 2.67 6.67

.54 .63 .67 .76 2 1.47 1.93 2.38 5.85 ç
.69 .75 .78 .83 13 1.35 1.71 2.07 5.13 'Si

.79 .82 .84 .88 1.3 1.26 135 1.87 4.83 C+



Table B9 continued
0

T: Length of Time Period as a Fraction of Base Period (T =1)

rg I i ++ 1 2 3 4 12 ÿe
w7/w1 wilw1 w7/wl wdwl w; /wl wi w2/wl W3/W1 w4 /wl w12 /wl

10061=20 zro

.17 .35 .43 .58 20 1.76 2.47 3.15 8.14 Á

.21 .38 .46 .61 10 1.71 2.37 2.99 7.57

.29 .45 .51 .65 S 1.63 2.21 2.77 6.77

.40

.55

.53

.64

59
.68

.70

.76

3

2

1.54

1.43

2.04

1.83

2.51

2.21

5.92

4.96
2

.70 .75 .78 .84 1.5 1.31 1.60 1.89 4.01 á

.79 $3 .85 .89 1.3 1.23 1.45 1.67 3.39 m

IOOb1=10
ti

.17 .35 .43 .59 20 1.75 2.44 3.10 7.93 b

.21 .39 .46 .61 10 1.70 2.34 2.95 7.34 `^

.29 .45 .52 .65 5 1.62 2.18 2.71 6.51
3 1.53 2.00 2.45 5.63 h.41 .53 .59 .70 0

.55 .64 .68 .77 2 1.41 1:79 2.15 4.64

.70 .76 .78 .84 IS 1.29 157 1.83 3.66 á

.79 .83 .85 .89 1.3 1.21 1.42 1.61 3.03

.92 .93 .94 .95 1.1 1.09 1.18 1.28 2.03



Table B9 continued

w7/wl

T: Length of Time Period as a Fraction of Base Period (T =1)

14! 1 } } 1 2 3 4 12

w1s/wl w/wl w;/wl wi/wl wl w2/wl w3/wl w4/w1 w12/w1

100b1 = 5

100b1 = 0
(LSD)

.17 .36 .44 .59 20 1.74 2.43 3.08 7.84

.22 .39 .47 .61 10 1.69 2.32 2.92 7.24

.30 .45 .52 .65 5 1.61 2.16 2.69 6.39

.41 .53 .59 .70 3 132 1.99 2.43 530

.55 .64 .69 .77 2 1.41 1.77 2.12 4.51

.70 .76 .79 .84 1.5 1.29 1.55 1.80 3.52

.79 .83 .85 .89 1.3 1.21 1.40 1.59 2.89

.92 .93 .94 .95 1.1 1.09 1.18 1.26 1.90

.18 .36 .44 .59 20 1.74 2.42 3.06 7.75

.22 .39 .47 .61 10 1.68 2.31 2.90 7.14

.30 .45 .52 .65 5 1.60 2.15 2.67 6.29

.41 .54 .60 .71 3 1.51 1.97 2.40 5.39

.55 .64 .69 .77 2 1.40 1.76 2.09 4.38

.70 .76 .79 .84 15 1.28 1.54 1.78 3.40

.79 .83 .85 .89 1.3 1.20 1.39 1.57 2.77

.92 .93 .94 .96 1.1 1.09 1.17 1.25 1.81



APPENDIX C

CALCULATIONS FOR MULTI -BRAND BUYING

C.1 Calculations and Tabulations

In this Appendix we show how to calculate and model the measures of
multi-brand buying discussed in Chapters 9 through 13. The same structure
as Appendix A is followed, starting in § C.2 to C.4 with the estimation of
the basic parameters' of the theoretical model, here the Dirichlet; .then
showing how to use these in calculating the theoretical multi-brand
statistics like wp, b3 and duplication percentages bX y, in § Ci to C.8; and
finally outlining the appropriate tabulations of observed data in § C.9 to
C.12. The theoretical treatment of time- periods is somewhat different from
Appendix A and a discussion of this is reserved until § C.8.

The theoretical calculations are best done with a computer, using for
example the software on the floppy disc mentioned in the Preface.
However, by working through a simple example on paper the principles
will become clearer. We will use the same hypothetical illustration as in
Table A20 of Appendix A which is reproduced as Table C.7 in § C.9.

There are three parts to dealing with the theoretical model before we can
calculate values of interest such as wp. First we have to input values forthe
distribution of purchases of the product -field as a whole, then estimate the
structural parameter S, and thirdly estimate the Dirichlet probabilities. All
these steps involve relatively cumbersome numerical iterative calculations
and approximations, since the measures we want do not have explicit
algebraic formulae in the Dirichlet model. (The difficulties are not due to
statistical sampling considerations it is not for example a questicn of how
to derive maximum likelihood estimates.)

C.2 The Product -Field Distribution

Two methods of dealing with the distribution of purchases of the
product -field are available for the Dirichlet model, as noted in Chapter 13.
One is the NBD- Dirichlet. This assumes that the distribution of product -
field purchases is close to an NBD and estimates this from two summary

337
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statistics like B and W in some chosen base - period. Values for any other
time- period of length T can then be estimated merely by substituting TA
and 7M for A and M in what follows (see Section C.8).

If the NBD assumption for the total product -field does not apply, and if
the observed distribution is available, this can be used as input for the
Empirical - Dirichlet model. This is simpler but less powerful because it does
not provide predictions for other time- periods, and it has greater data
requirements.

The NBD- Dirichlet. In the NBD- Dirichlet model, B, the percentage
buying the product (ie. buying any brand) in the time- period, and W,
the average purchase frequency of the product per buyer in that period,
are used to generate a theoretical NBD. This is fed into subsequent
calculations.

We assume that B = .1 or 10% and W = 2.8 (as in the numerical example
of Table C7 later, where for a sample of 200, B = 20/200 = .1 and W =
56/20 = 2.8, and hence the mean number of purchases per household is M
= 56/200 = .28 (or BW = .28)). Following the procedure in Section A.2
we derive the NBD parameter A = 4.559 and hence also the value of the
related parameter K = M/A = .0614 (here we have obtained A directly
rather than by interpolation). This now enables us to follow the guidelines
in Section A.6 to calculate the NBD proportion Pn of households who
make n purchases of the product- field, where n is any whole number.

Pn (1A)(l AM) for n = 1, 2, 3,...

( 5.559
)

(1
4.559

4.559n28 ) n 1+

= .8201
Cl

9386 1 Prt-t
n

Given that Po = 1 B = .9, we have
Pt = .8201 (1 .9386) .90000 = .04532 or 4.5%,
P2 = .8201 (1 .4693) .04532 = .01972 or 2.0%,
P3 = .8201 (1 .3129) .01972 = .01111 or 1.1 %,

and so forth (the full distribution is shown later in Table CI). We will use
these theoretical proportions buying 1, 2, 3 etc. times in the calculation of
the full Dirichlet model.
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Dealing with an Infinite Series. However, we need to note that since the
NBD is an infinite distribution it is strictly impossible to calculate all these
proportions numerically. We therefore have to curtail the calculations at
some finite point, n' say, and develop approximate estimates for the tail of
the NBD distribution. For hand calculations, one can generate the
individual P values for say .99 of all households, so that we have to deal
with a small remainder term of .01. When using computer routines one can
easily go further for still greater accuracy, eg. to leave a very small tail of
only .0001%. (These tails are numerically more important than they might
seem because they consist of very heavy buyers).

An approximation procedure, suggested by Professor G. J. Goodhardt,
is to divide the sum of the tail probabilities over two values n ' and n ' + 1,
determining purchase proportions P,,, and Pn . + t such that the weighted
sum n ' Pn' + (n ' + 1)Pn' + t equals the total purchases accounted for in
the exact NBD by those buying more than n* times.

Suppose we have chosen to cut off at a tail of 1 %. Calculating numeric
values of Pn as above shows that this tail is reached at about n' = 6 and
purchases up to this level amount to .18843; ie.

and

6
E Pn = .99097,

n =

6
E nPn = .18843.

n = 1

We represent the tail of the distribution by two proportions at n' and n'
+ 1 by solving the two equations

n*
Pn,+Pn.+l 1 Fi Pe

n = 0
1 .99097
.00903,

n'
n 'Pn , + (n ' + 1)Pn , + t M E nPn

n=1
= .28 .18843
= .09157,

PR

QR
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where M is again the mean number of purchases of the product -field per
household. Substantively this means .00903 people make .09157 purchases
in the tail.

Multiply PR by n ' and subtract from QR to give

Pn' + 1 = QR n 'PR

Divide by PR to give

Pn' + 1 QR

PR PR
n'

If QR /PR is an integer (which is unlikely) put n' = QR /PR and then
Pn' + 1 = 0, Pn = PR. Otherwise, n ' must be the integral part of QR /PR.
Then

Pn' + 1 = PR X (non - integral part of QR /PR).

Thus, in our example where PR = .00903 and QR = .09157:

QR/PR = 10.14064, son' = 10,
Pn'+1 = P11 = .00903 x .14064 = .00127,
Pn' = P10 = .00903 .00127 = .00776.

The cumulative number of purchases at Pn' + 1 should equal M and it is
worthwhile doing this calculation as an arithmetic check

n'+1
E nPn = .28000 = M.

n = 1

The complete results from this example are shown in Table Cl.

C.3 The Dirichlet Parameter S

The Dirichlet parameter S can be estimated using the average brand. But
in practice we usually form a separate estimate S/ for each brand j, and
then obtain the overall Dirichlet estimate as a weighted average across
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Table Cl. The Estimated Proportions Buying the Product -Field n Times

Proportion Cumulative Purchases Cumulative
Buying Proportion Purchases

n P,, £P,, nPn £nPn

0 .90000 .90000 .00000 .00000
I .04532 .94532 .04532 .04532
2 .01972 .96504 .03944 .08476
3 .01111 .97615 .03333 .11809
4 .00697 .98312 .02788 .14597
5 .00464 .98776 .02320 .16917
6 .00321 .99097 .01926 .18843

10 .00776 .99873 .07760 .26603
11 .00127 1.00000 .01397 .28000

brands j = 1,..., g (or for a sub -set of brands g). This provides a
diagnostic check on cases where the model fails to fit a particular brand,
and these might be left out of the weighted average.

Each brand is analysed in turn. Here we describe the calculations for
brand X in the example of Table A20 (or Table C7 later), the basic statistics
for which are shown in Table C2. For simplicity, the subscript X will be
dropped in this section.

Table C2. Input Statistics

W Bas% B PO M
Product Field: 2.800 10.0 .100 .900 .280

Brand X:
w baseh b PO m

1.923 6.5 .065 .935 .125

The estimation of S for brand X has to be by iteration, as once again
there is no explicit algebraic formula. We begin with a more or less
arbitrary starting value, S', usually guessed at from previous experience of
relevant S values, say S' = 2, or we start with S' = 1. The aim is to find an
estimate such that the predicted number of non - buyers of the brand, pp, is
equal (or close to) the observed number.po.
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We estimate non - buyers of the brand separately for each frequency n of
buying the product - field, by multiplying the probability Fan in Table Cl by
a provisional estimate of the probability p(bin) of not buying brand X, as
given by the model, conditional on having made n product purchases.
These are summated up to n*, plus the terms for n' and n' + 1, ie.

P Ó = E )PnP (61n))

where p' stands for provisional estimates, using the assumed Dirichlet
value S'.

The procedure is to get a good estimate of p'o using the product -field
proportions which we have found already. First p'o is obtained using Po
and P1 only, then using P2 also, and so on through the whole distribution.
In order to estimate the values of pl61n0 for each iteration it is convenient
to work with two terms, c' and d' (neither of these is meaningful but they
help us to do our calculations).

These terms need to be adjusted for each Pn, using the observed m and
M from Table C2 and the assumed working value of S' = 2. First, for Po
and P1

and

c' = S' ((m x S')/M)
= 2 ((.125 x 2)/.28)
= 1.10714,

d' = c'/S'
= 1.10714/2
= .55357.

We now use the Po and P1 to derive a first estimate of pá for S' = 2

PÓ = Po + (Pt x d')
= .9 + (.04532 x .55357)
= .92509.
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Next we use P2 as well, still keeping S' = 2. The value of d' has to be
revised and the sum for p p is adjusted. Thus

New d' = Old d' x (c' + (n 1)) /(S' + (n I))
.55357 (1.10714 + (2- 1))/(2 + (2 1))
.38882,

New pp = Old pp + (P2 x d')
.92509 + (.01972 x .38882)
.93276.

And for n = 3 we have

New d' Old d' x (c' + (n 1)) /(S' + (n - 1))
.38882 x (1.10714 + (3 - 1))/(2 + (3 1))
.30203,

New p6 = Old p6 + (P3 x d')
_ .93276 + (.01111 x .30203)
_ .93612.

And so on for all P up ton' and n' + 1. The final estimated value of pó
obtained in this cycle of calculations is .94093. This differs by .00593 from
the observed value of pi) = .935 for brand X in Table C2. To get closer a
new iteration is made.

If the estimated pd is greater than the observed pe (as here), we use a
larger starting value S", say twice the old value of S', ie. S" = 2 x 2
= 4. If pá is less than po, we use a smaller S", say half the previous one.

The first estimate of p6 for Pc and P1 but now with S' ' = 4 will in fact
be the same as that for S' = 2, since the new d" here is the same as before.
The calculations are

and

c"

d"

= S"((m X S")/M)
= 4 ((.125 x 4)/.28)
= 2.21429,

= c"/S"
= 2.21429/4
= .55357.
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Using Po and P1 to get the first estimate in the second iteration

P6' = Po+ (Pi xd")
= .9 + (.04532 x .55357)
= .92509,

the same as p6 for Po and P1.
But the subsequent estimates of p6' (using P2 , P3 etc) will be closer to

the observed po. Thus, as before, if we now also useP2 to upgrade our first
value of p 6' we obtain

New d" Old d" x (c" + (n- 1)) /(S" +.(n -1))
.55357 x (2.21429 + (2 1))/(4 + (2 1))
.35587,

New p6' Old p 6 + (P2 x d")
.92509 + (.01972 x .35587)
.93211.

All subsequent values of pp', taking account of P3, Pa Pn '+ Pn' + 1'
are calculated in the same way, revising d " and pp', each time by a new
d" and a new pd'. At the end of this iteration pp' = .93812, which is
slightly closer to .935.

For the third and subsequent iterations, the new S value can be obtained
from the two preceding ones (here S' = 2 and S' ' = 4) by interpolation or
extrapolation, depending on whether the latest estimated po value is too
high or too low. Thus, as we converge onpo, the estimate of S ' is improved:

S' P6 P6-Po
2 .94093 .00593
4 .93812 .00312
8 .93628 .00128

Further iterations are best done on a computer, where some iteration
criterion like .0001, or a limit on the number of cycles, can be used as a cut-
off point. In the present example, convergence to within .0005 is reached
after 5 cycles, with an estimated S' for brand X of 12.592.



§C.3) The Dirichiet Parameters 345

Estimates for brands Y and Z are found in exactly the same way. The
final table of results, using the brand suffix j again is shown in Table C3.

Table O. Estimates of the Dirichlet Parameter for each Brand

Brand S m1 m
1
/M

X 12.592 .125 .4464

Y 27.291 .090 .3214

Z 36.241 .065 .2321

The three values of Si here differ markedly from 12 to 36 whereas
with a well- fitting model they should all be similar. The variation is
because our small hypothetical buying pattern is unrealistic and does not
follow a Dirichlet too well, but this does not detract from its illustrative
value.

The overall Dirichlet parameter S is a weighted average of these Si,
obtained by taking the market shares of m/ into account:

S = g /M)/(Sm á (m7 /M).

In forming such an estimate one can drop the estimates for one or more
brands if they look irregular, like the low 12.592 for brand X here perhaps,
and estimate S from the g* = 2 brands Y and Z and then check the fit of
the model for all g brands, ie. including X here. More generally, we can fit
the Dirichlet to any selection of g* brands.

If we use the full set of g brands that make up the product -field (ie.
g; = g), the denominator in the above equation is 1 and S is merely the
sum of the g Sj s weighted by the market share of each brand. Numerically,
the weighted estimate of S for our three brands is

S = (12.592 x .4464 + 27.291 x .3214 + 36.241 x .2321)
(.4464 + .3214 + .2321)

= 22.8062/1 = 22.8.
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The values of the Dirichlet parameters &, (see Chapter 13, §13.3) are given
by â = Ami/M) and here are

äX = 22.8062 x .4464 = 10.1807
ä y = 22.8062 x .3214 = 7.3299
äZ = 22.8062 x .2321 = 5.2933

which add up to S = 22.8, as above.
We can also define the quantity Á = S äi which will be required in the
next section.

Possible Short -Cuts. With suitable software the above calculations are
less burdensome than they might seem. We have therefore not explored
possible short -cuts very much so far. One set of possibilities is to curtail the
calculations of the NBD in Section C.2 earlier and to iterate less often in
estimating S. Yardsticks for evaluating such short-cuts are how much the
answers differ from the more accurate estimates, whether in terms of the S
values or the äi, or in terms of the estimates of behavioural statistics like
b, w, wp, bs and the duplication patterns that are discussed in Sections C.5
to C.B.

Another possible short -cut where accuracy and adequacy needs to be
explored is to estimate a single S for the average brand, using the above
procedure. It should be particularly useful in cases where earlier analyses
of the product -field have already shown the model to fit well; in these cases
it is largely unnecessary to examine every brand.

C.4 The Dirichlet Proportions for Brand X

Having somewhat laboriously estimated the main Dirichlet parameter S
we still cannot directly calculate any of the derived statistics like b and w
for a given brand since there are no explicit algebraic formulae relating
them to S (or to the other inputs to the model, ie. B, W and Market shares).
Instead, we now have to calculate a matrix of proportions for all those
making n purchases of the product and r purchases of a brand, as set out
schematically in Table C4. From these numerical values, the various
statistics for brand X can then be tabulated at last, as will be discussed in
C.5 to C.B.

In Table C4 the proportions buying in the second line are for the whole
product - field, as presented in Section C.2 (the numerical values in our
example being Po = .90000, P1 = .04532, etc). The body of the table



Table CO. Matt of Dirichlet Proportions for a Single Brand

Numbers:

Proportions:

Purchases of the Product

0 1 2 3 n* n' n'+1 Total

PO PI P2 P3 Pn* Pn, Pn'+1 1.0

Purchases
of the

Single Brand

O P00 P01 P02 P03 . POn* Pon' PO(n'+1) PO
1 P11 P12 P13 Pln* Pin' PI(n'+1) PI
2 P22 P23 P2n* Pin' P2(n'+1) P2

r'I
r'
r'+ I

P(r'-1)n* P(r'-1)n'
Pr 'n'

P(r'-1xn'+ 1)
Pr'(n'+1)
P(r'+1xn'+1)

Pr'-1
Pr'
Pr'+1

Notes: n = 0,1 2 n ' -1, n ', n '+ 1 for the Product Field
r = 0,1,2,...,r' 1, r', r'+ I for the single Brand
All entries below the leading diagonal are identically equal to zero.

.
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represents the proportion of the population making n purchases of the
product and r purchases of brand X.

The row labelled "0" for purchases of X are the proportions not buying
the brand for each group making n = 0,1,2, etc purchases of the product.
We compute these values by the recurrence formula

Pon = POO-1) x (ß + n 1) x for n = 1,...,n' +1.
(â + ß + n 1) P(,r.11

The starting value of pop is equal to Pc (ie. .90000). Putting into this
expression our numerical values of ä, ß, Pn andppp from the last section we
have:

()\
t- tc}h,) .d

Poi = 9 x (12.6255 + I- 1) x .04532

(22.8062 + 1 1) .9

_ .9 x .55360 X .05036

.02509,

p02 = .02509 x (12.6255 + 2 1) .01972
(22.8062 + 2 1) .04532

.02509 x .57235 x .43513

.00625.

And so on to build up the whole row for non - buyers of the brand. For the
next row, and the rest of the matrix, entries to the left of the leading
diagonal are identically equal to zero. The remaining entries are found
from the recurrence formula

(n r + 1) (â + r 1)
Prn = x X pt,yln, for r = 1,...,r'+1,

r (ß + n r)

where the starting values of p in are obtained from the proportions of pon in
the first row as:

Pit
1 1 + 1 x (10.1807 + 1 1) x .02509

1 (12.6255 + 1 1)

1.0 x .80636 x .02509

.02023,
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p12 =
2 1 + 1 x (10.1807 + 1 1)

.00625
1 (12.6255 + 2 1)

2.0 x .74718 x .00625

.00934.

And so on for all n. For the next row, r = 2, the leading diagonal is:

P22
2 2 + 1 (10.1807 + 2 1)= X

2 (12.6255 + 2 2)

= .5 x .88556 x .00934
= .00414.

x .00934

Again, values for all n are obtained from the recurrence formula. The com-
plete matrix is shown in Table C5.

Some arithmetic checks should be made at this stage

and for each n,

n'+l
E

n=0
Pr: 1.0,

r'+l
E pr 1.0,

r=0

r'+1
£ rpr .125 = BW(â/g)>

r=1

BW(â/S) .1 x 2.8 x (10.1807/22.8062)
.125

r'+1
E prn = Pnr=0



Table C5. Dirichlet Proportions for Brand X
(In Base Period)

Purchases of the Product
Numbers 0, 1 2 3 4 5 6 10 11 Total

Proportions .90000 .04532 .01972 .01111 .00697 .00464 .00321 .00775 .00127 0.99999

0 .90000 .02509 .00625 .00208 .000'9 .00032 .00014 .00007 .00001 .93475
1 .02023 .00934 .00433 .00205 .00100 .00050 .00031 .00004 .03780
2 .00413 .00356 .00236 .00143 .00083 .00077 .00010 .01318
3 .00114 .00140 .00119 .00087 .00127 .00017 .00604

Purchases 4 .00037 .00057 .00058 .00157 .00023 .00332
of 5 .00013 .00024 .00152 .00024 .00213

Brand X 6 .00005 .00116 .00021 .00142
7 .00068 .00015 .00083
8 .00030 .00008 .00038
9 .00009 .00003 .00012

10 .00001 .00001 .00002
11 .00000 .00000
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C.5 Single -Brand Measures of Buyer Behaviour

The standard measures of buyer behaviour can now be calculated from
the estimates of S, 61 and the proportions in Table C5. They are of two
types: (i) single -brand measures, which are illustrated in this section, and
(ii) measures of multi -brand purchasing, which relate one brand to the
whole product -field (Section C.6) or to individual competing brands
(Section C.7).

The theoretical frequency distribution of purchases, for a single brand in
the analysis period, is derived from the final column in Table C4, ie. po,
pt Pr' +1. In our example (Table C5) an estimated 93.5% of households
do not buy brand X, 3.8% buy it once, 1.3% buy it twice, and so forth.
From this we calculate that of those buying brand X in the base period,
58% are estimated to have bought the brand once, and that such once -only
buyers contributed to 30% of sales.

The theoretical value of the brand's penetration is:

B =
= 1 .93475

= .06525 or 6.5%.

The estimate of the average number of purchases per buyer, w', comes
either from observed values of B, W and the market share (â /S), or altern-
atively from the numerical sum of rpr in the Table C5:

r'+ 1
w BW(â/S)/6 = E rpr /5

r=1

.125/.06525

1.916 in either case.

These values are close to the "observed" b = 6.5% and w = 1.923 in
Table C2.

Other buying statistics for a single brand can also be estimated, such as
the incidence of period -by -period repeat- buying, including estimates condi-
tional on being light, medium or heavy buyers in the first period (see
Chapter 3). In practice we tend however to use NBD estimates here as they
are simpler to obtain and more robust to any non - stationarities in other
parts of the market.
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C.6 Total Product Usage and Sole Buying

The Dirichlet model also enables us to estimate how brand Xis bought in
relation to other purchases of the product. One measure is wp, the total
product usage made by buyers of brand X:

p= (1(P1po1) + 2(P2PO2) +...+ (n+1)(Pn'+1 Poo '+1)) j/6
= (1(.04532-.02509) + 2(.01972-.00625) + 3(.01111-.00208) + )/.06525

= ( .02023 + .02694 + .02709 + ... j/.06525

.2309/.06525

3.521, or 3.5 approximately.

Another measure is the proportion of panel- members who only buy
brand X and no other brand in the analysis period. The estimate of how
many of these sole buyers there are is:

6s = Pit +p22 +...+ +1)(n' +l)

= .02023 + .00413 + .00114 + ...

= .02606, or 2.6%.

Expressed as a percentage of all buyers of the brand:

65/6 = .02606/.06525

= .3994 or about 40 %.

The average number of purchases made by sole buyers in the period is

I5s = (1 x p11 + 2 x p22 +...+ (n'+1) X pod +1)(n'+1) )/6,

= ( .02023 + .00826 + .00342 + ... 1/.02606

= 1.3216, or about 1.3.
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Theoretical results of all the measures so far for all three brands in the
example are shown in Table C6.

Table C6. Theoretical Measures of Buyer Behaviour

Brand Market Penetration Average Total Incidence Average
Share Purchase Usage of Sole Rate of

Frequency Buyers Sole Buying
(mj /Fun)% Old 6441%

X 45 6.5 1.9 3.5 40 1.3
Y 32 5.3 1.7 3.8 33 1.2
Z 23 4.3 1.5 4.1 28 1.2

C.7 Duplication of Purchase

The proportion of individuals who buy a pair of brands, X and Y, is
estimated from the Dirichlet by calculating their separate and combined
penetrations in the base - period, as noted in Chapter 13. This is done by
forming a composite brand (X + Y) adding together their separate shares
to give âX + Et = 10.1807 + 7.3299 = 17.5106. This composite
parameter is used to revise the matrix of Dirichlet proportions, following
the procedure set out in Section C.4. From the new matrix a composite
penetration figure, 6(x+ y), is obtained (.0880 in the present case). The pro-
portion, 6X;., buying both brands X and Y is then given by

6xY = 6X + 6Y- 6(x+

.0653 + .0531 .0880

= .0304.

Conditional proportions can also be calculated:

6X y = 6Xy/6y = .0304/.0531 = .573 or 57%,
6Y l x = 6Yx/6x = .0304/.0653 = .466 or 47%.

In Chapter 10.5 it was seen how the average levels of duplication are
systematically related to a brand's penetration. For this purpose an
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empirical coefficient D was derived. Here we find the theoretical Duplica-
tion Coefficient for the two brands X and Y as:

An' = 6XY/(6X X 6y)

= .0304/(.0653 x .0531)

= 8.767.

This is abnormally high compared with our experience of real -life cases,
and is due once more to the artificiality of our small example.

So far we have estimates for the proportion of duplicate buyers and the
Duplication Coefficient for a pair of brands. The calculations have in prin-
ciple to be repeated for all other pairs of brands to obtain the full picture.
The remaining answers in our three -brand example are:

6xz = 6X + 6z 6(x+ 2)

= .0653 + .0425 .0826

= .0252,

6Yz = by + bz 6(y+z)

= .0531 + .0425 .0739

= .0217.

(Note that the table is symmetric, i.e. bxy = óyx, 6zx = óxz, and 6n' =
6yz). Complete tables of (i) the proportions buying, and (ii) the condi-
tional percentages are respectively:

Absolute Brands
Proportions X Y

X .0304 .0252
Y .0304 .0217
Z .0252 .0217

and
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Conditional
Proportions

% also buying
X Y Z

Buyers of
47 39X

Y 57 41
Z 59 51

Average 58 49 40

The theoretical entries down each column increase slightly with decreas-
ing penetration (from X to Z). In principle this contradicts the Duplication
of Purchase Law by 1 y = Dbx of Chapter 10 which expects them to be
constant (with the same D for all pairs of brands). But it is in line with the
patterns already observed empirically in 1972 and before (p.178). The
Dirichlet is therefore more realistic than the Duplication of Purchase Law,
but the difference is generally small.

In parallel with this, the pairwise duplication coefficients predicted by
the Dirichlet are also not constant, although all of them are close to the
average of about 9.2:

Duplication
Coefficients X Y Z

X 8.8 9.1
Y 8.8 9.6
Z 9.1 9.6

Average 9.0 9.2 9.4 = 9.2

Short -Cuts. Calculating all the pairwise duplications for a large number
of brands requires extensive computing; for g brands there are ((g X g)
g)/2 pairs, which means 45 pairs for 10 brands, or 190 pairs for 20 brands.
In practice, calculating the average D from the observed data as in Chapter
10 remains a useful simplification where these data exist.
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Two theoretical short -cuts, which approximate the Dirichlet itself, could
be:
(i) To calculate the g Ds for the average brand with each of the g specific

brands, along the lines already set out.
(ii) To calculate the Ds for extreme pairs of brands if L1 andL2 and S1

and S2 are the two largest and two smallest pairs, then calculate Ds for
L1L2, LiS2, L2S1, and S1S2. This will cover the range of possible
values. To simplify one can approximate to the required single value
by a (possibly weighted) average.

In practice, it is easier to use a computer routine.

Other Multi -Brand Statistics. To illustrate briefly the wider range of
statistics that can be estimated from the Dirichlet and which show how
buyers combine their purchases, we note first the average number of
brands bought per buyer of the product

gE 6/B = .0653 + .0531 + .0425 / .100
j=1

= 1.609.

Second, using the sole- buying figures in Table C5, the proportion of the
total sample buying only one brand is

g
E 6$; = .0261 + .0174 + .0120j =1 = .0555, or 5.6%.

Alternatively, we divide this sum by B to get the proportion of product
buyers who buy only one brand, ie..0555/.100 = .555, or about 55 %.

C.8 Different Length Time Periods

Theoretical measures of buyer behaviour have so far been presented for
some chosen base period. Now we shall illustrate the calculations for other
time spans, of length T relative to the "unit" length of the chosen base
period (where T can be greater or less than 1).

The proportions along the first row of Table C4 now depend on TA, TM
and K (where A, M and K come from the existing product -field NBD in the
base period). We predict B and W for length T using standard NBD theory
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(Appendix A.4 and A.5). In our numerical example the unit length is 12
weeks, so for T = 2 (ie. 24 weeks) TB and TW are

TB 1 (1 TA)K
= 1 (1 (2 X 4.559))-.0614

= 1 .8675

= .1325,

TW = TM /TB

= .56 / .1325

= 4.2264.

This gives an estimate for Po of .8675 which is used in a complete re -run of
the NBD model with the new parameters:

Po .8675,

2A 2x4.559= 9.118,

2M 2 x .28 = .56,

k = 2M /2A .0614 (constant).

These values are fitted into the earlier recursive formula

Pn = \ 1+2A
)

\1 Mn Pn1

so that

P1 = .901166 (1.93858) .86750 = .04802

P2 = .901166 (1.46929) .04802 = .02296

Pa = .901166 (1.31286) .02296 = .01422
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With this new distribution of product purchases the cycle starts again
from Section C.5. The distribution P,,, n = 0,1,...,n ' + 1, replaces line one
in Table C4 and, along with the original estimates of S and &/ (ie. 22.8062,
and 10.1807, 7.3299 and 5.2933 respectively), the body of the matrix is
revised. (The values of the brand choice parameters S and &j in the
Dirichlet are unaffected by T).

The standard measures of buyer behaviour for brand X in the double
period are

Measure Single Period Double Period

bx .0653 .0917

Wx 1.92 2.48

WPX 3.54 4.91

For two periods of equal unit length several aspects of repeat - buying are
now predictable, such as the incidence of repeat - buyers and new buyers,
and their rates of buying. These measures are based on the penetration in a
single period in relation to that in a double period. Thus, the proportion
buying X in both periods is:

6X12 = 2 x óx1 6x2

= 2 x .0653 .0917

= .0389.

The proportion of new buyers over the same time span is:

new 6x2 = 6X1 6X12

= .0653 .0389

.0264.

Finally, the incidence of repeat - buying is defined as:

6x12i6x = .0389/.0653 x 100

= 59.6%
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which compares with 56.1% calculated from conventional NBD theory
(using data from the first 12 weeks alone - Appendix A.8). Dirichlet and
NBD period -to- period levels of repeat - buying are generally similar, and in
this case the difference is just 3.5%.

At this stage the difference between NBD and Empirical versions of the
Dirichlet model becomes important. The Empirical version cannot be used
directly to make predictions over different time spans. Instead, a new
product field distribution and new values of S and Cif for T must be tab-
ulated from raw data, if these are available. This means the base - period is
re- defined at T and the cycle starts from Section C.4 again. Under
stationary conditions K, .1 and äJ ought to be constant it is good to check
this. Data requirements for the Empirical version are heavy and the model
itself is inelegant; it is however useful to fit both versions and then compare
the resultant statistics.

C.9 Multi-Brand Tabulations

We now consider the hand tabulation of observed data to obtain the
multi -brand buying statistics discussed in Chapters 9 and 10 and in
theoretical terms earlier in this Appendix. We use again the hypothetical
12 -week example in Table A20 which is reproduced here in Table C7 with
various summary statistics.

In this section we discuss tabulating the penetration B and average pur-
chase frequency W for the product field, and in Section C.10, wp, the total
number of purchases of the product -field per buyer of a given brand. In
Section C.11 and C.12 we consider tabulations of sole buyers and of
duplicate buyers.

The first two summary columns in Table C7 show whether a panel-
member bought the product (ie. any brand) at least once in the 12 -week
period and how often they bought it - eg. 11 times for panel- member 1.
There are 20 panel- members (out of 200) who each made at least one pur-
chase of some brand in the 12 weeks so that B = 20/200 = .1 or 10 %.
They bought 56 times, so that W = 56/20 = 2.8 and M = 56/200 = .28,
as noted earlier.

The frequency distribution of product -field purchases, ie. one 11, one 6,
one 5, three 4s, three 3s, two 2s and nine is (adding up to 56 as a check),
can be derived from the Total column. This can be used as direct input for
the Empirical - Dirichlet model, or to check the assumptions of an NBD.

As a numerical check it is worthwhile to count the number of purchases
each week (at the foot of each column) and to check that the total (56)
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agrees with the sum of the row totals. No such cross -check is possible for
the number of buyers each week.

C.10 Tabulating Product Rates of Buying

To get wp for brand X, we have to count the total number of purchases
of the product by the 13 panel - members who bought X at least once in the
12 weeks. This is tricky by hand, probably needing two fingers as we move
down the, column, one for the Total Product and another for buying X at
least once. It is easy to make a mistake, and there is no check other than by
repeating the count (preferably starting from the bottom the second or
third time, to avoid possibly making the same mistakes as before). The
final wps for the three brands are:

Brand A = 49/13 = 3.8, B = 35/11 = 3.2, C = 25/9 = 2.8.

C.11 Tabulating Sole Buyers

In Table C7 we see by visual inspection that panel- members 12 and 20
are 100% -loyal or "sole" buyers of X in the I2 -week period, and similarly
that there are sole buyers of Y (13, 14 and 16), and of Z. In the shorter
period, weeks 1-4, panel- members 2 and 10 are sole buyers of X (but they
buy other brands in subsequent weeks).

Tabulating sole buyers of a given brand, X say, by hand requires seeing
whether a panel- member

(i) bought brand X at all, and
(ii) bought no other brand

in the chosen analysis period, and doing a gate -count accordingly.
Numerically, some bs = 2/200 = .01 (or 1%) of the sample only bought X
in the 12 weeks, or bs/b = 2/13 = .15 (or 15 %) of X buyers were sole
buyers.

If the number of purchases made by sole buyers is to be tabulated as
well, a separate gate count of all numbers of purchase occasions should be
kept, which for brand X happens to give 6 and hence ws = 6/6 = 1.0 (ws is
usually low, but not as low as this). The results for all three brands are:
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bib w,

X 15 1.0
Y 27 1.0
Z 44 1.0

The marked variation of bs /b is' an atypical feature of our artificial
example.

Sole- buyers' rate of buying the product in an analysis period necessarily
equals their rate of buying the brand. This provides a very handy computa-
tional short -cut for identifying sole buyers: they are simply any panel-
member for whom w = wp.

C.12 Tabulating Duplication Tables

Tabulating duplication tables by hand is a substantial task if the number
of brands is at all large. For three brands, as in our example, separate
counts are needed for just three combinations of duplicated buying, X and
Y, Y and Z, Z and X. For 10 brands, (10 x 9)/2 = 45 separate counts
would be needed.

To obtain the number of duplicated buyers of brands X and Y from
Table C7, we look down the columns for buying each brand at least once
towards the right of the table and count that 8 panel - members were buying
both brands, using gate counts:

X&Y Y&Z X&Z
8 2 5

Note how tallying for brands X and Z is more of a mental strain because
they are "separated" in Table C7; this would be worse for more than three
brands.

The tallies give a duplication table for bxy of the symmetrical form

Brands
Absolute values X Y Z

X 13 8 5

Y 8 11 2

Z 5 2 9
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There is no indirect check on counting the duplications, so that all one can
do is repeat the exercise.

To get figures like bY.X ie. the percentage of buyers of brand X who also
buy Y, we divide the bxy = 8 by bX = 13, to give byX = 8/13 = .6154, or
62 %. The full duplication table is

Percentage also buying
Conditional proportions X Y Z

Buyers of
X (100) 62 38

Y 73 (100) 18

Z 56 22 (100)

Average 65 42 28

With real life examples the figures in each column (other than the 100%)
are usually more uniform.

Average Purchases for Duplicate Buyers. To tabulate the average pur-
chase rates of duplicate buyers, like wX y and wyX, we run through the
last columns of Table C7, doing separate counts of their purchases:

Buyers of X & Y
Who Purchase:

X Y
7 4
1 3
2 2
1 1

1 2
1 1

1 1

1 1

15 15

This gives wXy = 15/8 = 1.9, and wyyx = 15/8 = 1.9 as well. (The exact
equality of the two averages is accidental, though the figures are usually
fairly similar). Note that this type of tabulation is tricky to do correctly
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Zworking direct from the summary of Table C7, and so it may be
quicker in the long run to write the figures out as above.

The complete results for the wX y (and w1) rates of buying are given by
the following non - symmetric table:

Average Purchases of
Buyers of X Y Z

X (1.92) 1.9 1.8
Y 1.9 (1.64) 1.5
Z 2.0 1.0 (1.44)

Average 2.0 1.5 1.7

The D - Coefficient. The Duplication Coefficient can be estimated as the
ratio of the average of the six duplications for all brands to their average
penetration, eg.

(73 + 56 + 62 + 22 + 38 + 18)/6 = 45 divided by (6.5 + 5.5 + 4.5)/3
= 5.5, so that D = 45/5.5 = 8.2

(which in our artificial example is abnormally high; usually it tends to lie in
the range 1 to 2).

An alternative form of estimation is to take the average of all the ratios
of by1 /by, calculated for all pairs of brands. Where exceptional duplica-
tions occur one can calculate a normative value of D for the more
homogeneous subset of duplications.
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